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Entanglement: Quantum Weirdness Gets Serious
Last Update: 13" July 2008

Warning Regarding Notation: For a product state of two sub-systems A and B, |¢> A |\y>B , the braformed

from this ket will be written hereas (¢|, (|, i.e. the left-to-right ordering of A-then-B is maintained

between braand ket. Many athors invert the order on forming the bra, preferring to write (| 2 (0 | A Of

course, when the sub-scripts 5 and g are included it makes little difference since which state refers to which
sub-systemis clear anyway. But we shall generally omit these sub-scripts, and rely on the ordering of the
states to define the sub-system to which they refer.

1. Recognising Entangled Pure States

One of the defining features of quantum mechanicsis the possibility of forming new pure
states as superpositions (additions) of state vectors. This feature givesrise to the
‘wavelike’ properties of quantum mechanics, such asinterference effects. But the
weirdest things happen when superposing combined states. Consider bipartite states
formed from the direct product of two Hilbert spaces, Ha ® Hg. This should not be

misunderstood to consist only of states of the form | WA >| ] B) . The product space can be
spanned by states of this form, but the general product space vector is not a product of
vectors. Rather itis Z a; | v, >A ‘\yj >B , Where a; are complex numbers with suitable

1]

normalisation. For exampleﬂ\y1>A|\pl>B +|\p2>A|\p2>B]/\/§ cannot be expressed as the
direct product of an A-state and a B-state. This contrasts with, for example,
U‘V1>A|‘V1>B Hwa)alWa)s (Wil w2)s _|‘V2>A|‘V1>B]/2 whichis aproduct state,

namely [Q‘V1>A _|W2>A)QW1>B _|\‘U2>B)/2'

We have already remarked that a state like HW1>A|W1>B +|w2>A|w2>B]/\/§ has the

peculiar property that there is no measurement on particle 1 which can result in a
determinate outcome. The sameistrue for particle 2. And yet the combined state is a pure
state. This leads to the non-classical result that the entropy of particle 1, considered as a
sub-system, is 1, asisthat of particle 2. But the combined state has zero entropy. The
entropy of the combined state isless than that of either of its components, an impossible
situation classically. Thisfact isintimately connected with the EPR paradox.

This behaviour does not occur for the product state [([%)A _|\‘U2>AX‘W1>B —|w2>B)]/2,

since a change of basis means this can be written simply |\V'A >|\|/’B> . Hence there are

measurements on the sub-systems A and B which have deterministic outcomes, and both
the sub-systems and the combined state have zero entropy.

In contrast, stateslike [, [w,), +|w,),|w,), [/<2 aresdid to be “entangled”.
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It isworth considering how this appearsin terms of the density matrix. A useful concept
isthe “reduced density matrix”. Thisiswhat you get if you form the sum of the
expectation values of the density matrix over all states of one of the sub-spaces. Thus,

Pa =2 (e Plwie) = Tra () (QM7.1)

Thisisalso referred to as “tracing out” the B-states. The state
[le>A —|\|/2>AXW1>B —|\|/2>B)]/2 resultsin areduced density matrix for the A subspace

of le>A ~|v2), X<W1|A —<\V2|A)/2=|\y;\>(w;|.Thisconfirmsthat such a product state

corresponds to a pure state when reduced to a one-particle state by “tracing out” (i.e.
averaging over) the other particle.

Thisis ot the case for an entangled state. The state [v,), [wy), +|w,), [w.), [/V2

gives areduced density matrix, U\II1A><‘V1A |+ W o MW |]/2 . Thisis amixed state, with

the maximum 2D entropy, i.e. 1. This confirmsthat, if we interpret these as spin states,
no spin measurement, wrt any axis, will produce deterministic outcomes. And yet this

arises from a pure state simply by averaging over the other particle state. In contrast to
product states, entangled states become mixtures when one part is traced out.

Since pure product states give rise to pure states when one part is traced out, it follows
that the vN entropy of the composite state and the reduced state are both zero. In contrast,
an entangled pure state gives rise to a mixture when one part is traced out. Hence, whilst
the vN entropy of the composite state is zero, the vN entropy of the reduced state is non-
zero. The signature of entanglement in a pure state is therefore that,

Entangled pure state: Si(Pas)=0<Su(pa)=Sn(pe)=0  (QM7.2)

In fact, for pure bipartite states, the von Neumann entropy of the reduced state defines the
degree of entanglement of the bipartite state, noting that it does not matter which sub-
system istraced out. Hence, the entanglement of a pure stateis defined as,

E(ISAB ) =S,y (lSA ) =S,y (ISB )' where, ﬁA =Trg ([SAB) and [SB =Tr, (ISAB) (QM7.0)
1.1 The Most General Maximally Entangled Two Qubit State
A stateis maximally entangled if its entanglement is 1. For pure states of two qubits, the

most general maximally entangled state is a superposition of Bell states with real
coefficients. The Bell states of two qubits are conventionally defined as,

©.)=(0)o)+[tfivz ad |w.)= (oY [Ljo)NZ  @u70d
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0
1/2
the entanglement of the Bell states is maximum, i.e. 1. Are there any other two qubit
states with maximal (unity) entanglement? The answer is “yes”. The condition for

maximal entanglement is very simple to state when expressed in terms of a basis dightly
modified from the Bell basis, i.e. the e-basis defined by,

1/2
The reduced density matrix for al four of these bipartite statesis ( 0 ) , and hence

le)=|@7) . |e)=il@7), |e)=i[¥), |e,)=|¥") (QM7.0b)

The necessary and sufficient condition for maximal entanglement of a pure two qubit
stateisthat it hasreal coefficients when expressed in the e-basis, i.e.,

|WAB>:iai|ei> (QM7.0c)

4

where the four coefficients ai are real, and obviously required to obey Zaf =1.This
i=1

will now be proved.

The general two qubit state can be written,
| ag) =8 0)|0) +b|0)| 1) + ¢|1)|0) + d| 1)|1) (QM7.0d)
where a, b, c and d will, in general, be complex. Hence,
pa = (60) + 1) a (0] + ¢ (1)+ (bl0) + o) b (0] + 0" (1)

(| +g* ac +bd (QM7.0¢)
ca +db’ |d”+|d’

To find the vN entropy of this mixed reduced state we need to find the eigenvalues of the
above matrix. Elementary manipulation shows these to be,

k:%{liw/l— 4{ad—bc|2} (QM7.0f)

The coefficients are subject to the normalisation |a|2 + |b|2 + |c|2 + |d|2 =1. It must be that

lad - bg < % since the eigenvalues of an Hermetian matrix must be real. When this

inequality is saturated both eigenvalues are %2 and hence the vN entropy of the reduced
state is maximum (i.e. 1), and hence the entanglement of the bipartite state is maximum
(i.e. 1). Hence, the problem reduces to finding the most general coefficients which have

lad — b =Y%.
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The simplest way of solving thisisto note that the state (QM7.0d) can alos be writtenin
terms of the e-basis, asin (QM7.0c). The relationship between the coefficientsis then,

(QM7.0g)

1 : 1 . 1 . 1 :
a=ﬁ(al+la2), d =—2(oc1 ~ia,), b= ﬁ(oc4 +io,), C= —E(oc4 —iot,)
From thisit follows that,

lad - bd| = % where, C=0a? +aj+ai+aj (QM7.0h)

4
Now the normalisation requirement for the state (QM7.0d) isthat >"|a, |* = 1. So, if all
i=1

the o; are real, (QM7.0h) has C = 1 and hence becomes |ad — bd = ¥z, as required.

The converse also follows: maximal entanglement requires |ad - bc| = Y and hence C=1,

4
but thisis only possibleif all the a; are real since otherwise Z‘oci ‘2 would be less than 1.
i=1

QED.

The other important result which follows from (QM7.0d) is that the entanglement is zero
iff |ad — bc| =0, because thisis equivalent to the eigenvalues of the reduced density

matrix being 0 and 1 (which gives zero VN entropy). We will see in Section 4, below, that
the condition |ad — bc| = 0 is precisely that which ensures that the bipartite state can be

factorised as a product state of the two sub-systems. Hence, this establishes that the
entanglement measure defined by (QM7.0) issensible in that it produces zero
entanglement for product states.

2. Recognising Entangled Mixed States

What do we mean by an entangled mixture? The most obvious definition is that an
entangled mixture is amixture of pure states at |east one of which is entangled. However
thiswill not do at all. Thereason isthat it is possible for entanglement to effectively
‘cancel out’ between two entangled pure states which contribute to a mixture. A simple
exampleisto consider a 50/50 mixture of the two maximally entangled ‘Bell’ states,

(0)|0) +|[1))/v2 and ((0)|0) - |1)|2))/v/2 . The density matrix of this mixtureis,

b =5[(010) + n)(oKol+ (ya)+ (0)0)-[Dmolo| - )]
-~ lo)jojol(ol+ [ (afe]

(QM7.23)
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The ‘entangled’ parts (the cross-products) have cancelled between the two contributing
states. Hence, thismixture is, in fact, separable, i.e. it has no entanglement. Thisis
unambiguous because this state is clearly a mixture of pure states.

Hence, the correct definition is that a non-entangled mixture (called a “separable state”)
isamixture of pure product states. The most general pure product state is |\p> A |¢>B ,and

hence the most general separable mixture can be written
Pag = 2 Pi|Wi)al0)a(wi |, (i], - Thestates[y,;), and|¢), are any pure states of the A

and B sub-systems, labelled by some index i, and need not be orthogonal. Also there can
be an arbitrary number of them in the sum, subject only to Z p, =1. Since we can write

Pai =|wi), (w;]|, for each contributing sub-system, A, state, it follows that a separable

mixture can equivalently be defined by the existence of a decomposition of the density
matrix as a sum over direct products of reduced density matrices, i.e.,

Pag = Z PP ® Py - This defines a separable mixture. Conversely, an entangled mixture

is any mixed state which cannot be cast into this form. Recall that the range of the index i
isarbitrary (i.e. it is not related to the number of orthogonal states).

Another example is a50/50 mixture of two other Bell states, |y, ) = (|0)[0) +|1)|1))/+/2

and |y,) = QO>|1>+ 1) 0>)/\/§ . Itisless obvious that thisis separable because there are
no cancellationsin this case. However, writing single particle density matrices as,

R 1 R 1
b= (001 ad 5 =0y i) @u72D)
itisreadily seen that the 50/50 mixture of the above two Bell states can be written as,
1 1 1. R 1. n
E|\V1><\If1 | + §|\V2><‘V2 | = EplA ® Py + EpZA ® P (QM7.2¢)

This may be expressed in matrix form, adopting the conventional ‘computational basis’
for the product states, defined by,

1 2 3 4
190,196 | 1941Ya | D19 | 1.9,

1
0 10 10 0 1 0 1
e - S P L P (QW7.2d)
0| 20 1) 20 1) 2{1 0) 21 O
1

Hence,

NP
R O O K,
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The most general pure bipartite state can be written in terms of some orthonormal basis
as ) a,|l),|J), . wherel and J span the number of possible states (the dimensionality of
1,J

the Hilbert sub-spaces). It follows that the most general mixture can be written
D P 1) |4 (1], (I], where the range of k is arbitrary (simply the number of

1,3,1'J .k
states which are being mixed). Thus, in the product basis, |I),|J), , the mixed state has a
filled density matrix with off-diagonal elements.

However, the mere fact that the density matrix has off-diagonal terms,

D Cryy|,] (V[ {J], , does not mean that it isinseparable (entangled). A separable
1,3,
density matrix will have off-diagonal elements when expressed in an arbitrary basis.
Thus, if wewrite |y, ) => a1}, and |, ) = > b,,|J), then the most general separable
density matrix isseentobe ) p,a,a,b,bi, 1), [ (1", (I,

1,313 .k

Hence, the problem of the separability of an arbitrary density matrix, which can be
specified by the coefficients C, ,, ; , is whether these coefficients can be written in the

form C,,,.y =D P, ayaqb,byy - If such coefficients aq, bky and py exist, then the
k

mixture is separable. If it seems like atricky problem to determine whether such ay, by,
and px exist, that’s because it is. Before saying more about attempts at the general
solution, firstly we remark on an obvious hypothesis which fails.

2.1 Entropy Does Not Identify Entanglement for Mixed States

Following (QM7.2) we may be tempted to identify entangled states with any state whose
entropy has the non-classical property of being less than that of its parts. Classically the
Shannon entropy obeys s8> MAX (SA ,S¢ ) One might guess, therefore, that

Shannon = Shannon Shannon

the signature of entanglement in a general mixed state might be that,

Sufficient for entanglement: S, (Pag ) < MAX[S, (P4 ). S (P )] (QM7.3)

Would it were that simple! It is not. The condition (QM7.3) isindeed a sufficient
condition to ensure that the composite stete is entangled. But it is not necessary.
Entangled states exist which violate thisinequality.

Nevertheless, (QM7.3) isimportant since it may well identify the majority of entangled
statesin a given situation, and it will tend to fail only for those states which are rather
less entangled (assuming some quantification of the degree of entanglement which we
have not yet defined).



Rick’s Formulation of Quantum Mechanics QM 7: Entanglement

Note that the condition (QM7.3) lies within the range permitted by the triangle inequality,
(3.2.4.2) [see Part 6 of these Notes, QM 6], which requires for any bipartite state that

S, -SB <8<t S8, (3.2.4.2)

Hence, the non-classical, definitely entangled, regimeiis,

SCN _S\E/;N = SCI\? < MAX[SCN ’SBN] (QM7.4)

and the remaining regime, which may or may not be entangled, is,
MAX[S(y, Siu] < S < S + S (QM7.5)

The residual problem of identifying entangled mixed states therefore consists of sorting
the entangled from the separabl e states in the regime (QM7.5).

2.2 Rigorous Theorems | dentifying Entangled Mixtures

In (QM7.3) we have a sufficient, but not a necessary, condition for a mixture to be
entangled. We are still seeking a necessary and sufficient condition. Actualy, we already
have one. The most general density matrix for a bipartite systemiis,

= 2 Cirs[Dal (V[ (Ig (QM7.6)

1,317

The necessary and sufficient condition that thisis entangled is that there exists
coefficients aq, bx; and py such that,

Cioy Zpkam akl kaka (QM7.7)

and also such that, 0< p, <1 with) p, =1, and Z‘ak,‘z = > |b|" =1, where k runs
k | J

over the arbitrary number of termsin the mixture, and | and J run over the dimension of
the A and B Hilbert sub-spaces.

Unfortunately, whilst thisis a correct necessary and sufficient condition, it does not
provide an effective algorithm for deciding whether a given density matrix is separable.
Asfar as| am aware, no effective decision algorithm for the general case has yet been
devised. Isthistrue?

However, Asher Peres (1996) devised a criterion which he showed to be another
sufficient condition to ensure that a mixture is entangled. It was then shown by
Horodecki et a (1996) that the Peres criterion is also a necessary condition for a mixture
to be entangled in the special case of systems of two qubits, and also systems comprising
aqubit and a three-state sub-system. The Peres criterion provides a simple effective
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algorithm, so a simple decision procedure exists for the 2 x 2 and 2 x 3 cases.
Unfortunately, Horodecki et al (1996) also showed that the Peres criterion is not
necessary for Hilbert spaces of larger dimensions.

Despite its limited range of applicability as a necessary and sufficient condition, the Peres

criterion isimportant in practice, since two-qubit systems are of wide applicability. We

have seen that the density matrix of the most general bipartite mixture can be written

p= D Pyl )| (I'], (I, interms of an orthonormal basis. Its components wrt
1,3,1'J k

this basis are obviouslyp, ;,.; = Z P, 8,,2, - Peres considers the matrix formed by
k

“partial transposition”, i.e. by transposing only the indices of the A sub-system but not
the B subsystem. This defines o,.;,, = p,,, . If theoriginal state is separable, the

partialy transposed matrix must necessarily have only non-negative eigenvalues. In other
words, the existence of one or more negative eigenval ues of the partially transposed
matrix is sufficient to imply that the original mixture is entangled.

Even for systems of higher dimension than 2 x 2 or 2 x 3, the Peres criterion may be of
assistance in identifying entangled states which are not identified by the entropy criterion,
(QM7.3).

3. Example: The Lowest Excited State of N Identical Bosons

A bipartite mixture can be formed by starting with a state of N identical bosons, and then
tracing-out N-2 of the particles. Thiswill provide an example of a mixture whichis
clearly entangled but which fails the entropy test, (QM7.3), i.e. the entropy of the
bipartite state is greater than that of itsindividual particles. However, we shall show that
the Peres criterion does successfully identify the state as entangled.

Suppose the single particle states are, (i)aground state| O> , and, (ii)alowest excited state

|e> , together with possibly more highly excited states which will not be relevant here.

Consider initially the pure state of three of these identical bosonsin which just one
particleisin the first excited state, and the others are in the ground state. It is,

1
|W> - ﬁ{lo>A|o>B|e>C +|O>A|e>B|O>C +|e>A|O>B|O>C} (QM7.8)
Hence we see that,

(0N ){w[0); = (0), |€), +[€),0) Na (Ol (el +4 (el (013 (QM7.99
Similarly,

C<e|w><w|e>c - QO>A|O>B XA <0|B<0|)/3 (QM 7'9b)
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The reduced density matrix for the bipartite state consisting of particles A and B only is
the sum of (QM7.9a) and (QM7.9b), i.e,,

952 =2(0), €}, +18),/0), Xa (01, el 1 (el (0)+ £(0),[0), X (0], (0)  (@u7.20

We suspect that this mixture must be entangled since the state (QM7.9a) is clearly
entangled, and the state (QM7.9b) involves only different states and hence cannot
combine with (QM7.9a) to ‘cancel’ the entanglement. We adopt the obvious matrix
notation in which the indices are defined as representing the product states of A and B as
follows,

1 2 3 4
19),0) | (94186 | 1€410)s | |€)ul€)s

The density matrix of the bipartite AB system is thus,

1000
110 1 1 0
p == M7.11
Pas 30 110 Q a)
0000

By considering the same development for 4, 5, etc particlesit is readily seen that for N
particles, tracing out all but particles A and B resultsin,

N-2 0 0O
11 0 11 0
AN = = M7.11b
Pas N 0 11 0 (Q )
0O 00O

Tracing out particle B to leave the density matrix for particle A aloneyields,

) ) N _1 1 1(N-1 0
s =) -0l 2ael= 5o Y cewran

The vN entropy of the reduced (single particle) state is therefore,

) N-1 N 1
Swlpl”)= 100, 7+ 1082 N (QM7.13)

The vN entropy of the 2-particle mixture, (QM7.11b), is simply found by diagonalising
the matrix (QM7.11b), which gives,
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N-2 0 0 O
1] 0 00O
AN g = M7.14
Pas Nl 0 02 0 Q )
O 00O
. N-2 N 2 N
Hence, S (pgN;): N log, M NIog2 > (QM7.15)

Thuswe find that S, (@XQ ) >S,, (@gm ) asfollows,

SwlPY) | sn(B)
0.9183 0.9183
1 0.8113
0.9710 0.7219
0.9183 0.6500
0.7219 0.4690
100 0.1414 0.0808

Bloju|~w| =2

Hence, the entropy test fails to identify the state (QM7.11b) as entangled.

We now investigate the Peres criterion to seeif that is successful in identifying the
entanglement of the bipartite state, (QM7.11b). To do so we first note that the partial
transpose matrix is given in term of the matrix elementsin (QM7.11b) asfollows,

Pir P12 Pz Pa N-2 0 0 1

o= P P Pa Pa _ l 0 1 00 (OM7.16)
Pz Pua Pz Pam N 0 010
P2z Pos Paz Pus 1 0 0O

For all N > 3this matrix has one negative eigenvalue. For N=3 it is-0.2060, for N=10 it
is-0.0123, for N=100 it is-0.0001. The existence of a negative eigenvalue is sufficient to
guarantee that the 2-particle state, (QM7.11b), is entangled — as indeed we already know.
So the Peres criterion succeeds in identifying the entanglement in this case, whereas the
entropy criterion fails to do so. However, the Peres criterion will not always work either
if thedimensionsexceed 2 x 2and 2 x 3.

4. The Entanglement of Random States (Algebraic Proofs)

If we choose a state at random, how likely isit to be entangled? The answer depends
crucialy upon whether we mean arandomly chosen pure state or arandom mixture. The
answe is,
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o |f apure state is chosen at random from a Hilbert space describing a bipartite system,
then it is essentialy certain to be entangled;

o If avery large number of pure states are chosen at random and combined with random
probabilities to form a mixture, then the resulting mixture will be separable (i.e., not
entangled) in almost all cases.

In thefirst bullet, “essentially certain” means that the product states form a set of measure
zero in the Hilbert space. In the second bullet, “almost all cases” tendsto “all cases” in
the limit that the number of contributing states to the mixtures becomes infinite. Both of
these observations surprised me when | first stumbled across them.

These claims will now be proved. Firstly consider the case of arandomly chosen pure
state. It suffices to consider apair of qubits. The most general product state of two qubits

can be written (a| 0)+ B|1>)(y| 0) +§| 1>) where a, B, v, 8 are arbitrary complex numbers

apart from having to obey |0L|2 + |[?)|2 =1land |y|2 + |6|2 = 1. Consequently there are six

continuum degrees of freedom involved in the choice of arandom pair of qubits: four
phase angles, and two magnitudes.

The most general state in the 2 x 2 product Hilbert spaceis,

al0)|0) + b|0)|1) + ¢1)|0) + d 1)|1) (QM7.17)

Thisis required to respect only the one constraint: |a|2 + |b|2 + |c|2 + |d|2 =1. Hence, there

are seven continuum degrees of freedom involved in choosing a random state from the
2 x 2 product space of two qubits. It is clear, therefore, that it would be aflukeif a
randomly chosen state happened to be a product state. Specifically, therandom a, b, ¢, d
would have to be such that a=ay,b=p3,c=adandd =y . It iseasily seen that this

can betrue only if ab— cd = 0. Choosing a, b, ¢ and d at random, this relation will
“amost never” be exactly obeyed. Hence, essentially all random 2 x 2 states are
entangled.

Does this generalise to a Hilbert space of arbitrary dimension? Y esit does. Suppose the
dimensionality is D; x D,. Consider the general product state. The number of phasesis
D; + D,. The number of magnitudesis D; + D, — 2, because of the two constraint
equations. Hence, the total number of degrees of freedom is2(D; + D, — 1). Now
consider the most general state from the product space. There are D;D, terms, and hence
2D;D, — 1 degrees of freedom, because of the one constrain equation. But it is clear than
2D1D;—1>2(D; + D2 — 1) for D; and D2 both >2. Hence, essentially all random states,
of any dimensionality, are entangled.

The morale of this story isthat the natural state of pure quantum states of bipartite
systemsisto be entangled.
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Now let us consider the case of arandom mixture of N randomly chosen states from our
two qubit Hilbert space. We now know that all N pure states contributing to the mixture
will be entangled. How come the mixture can end up being un-entangled, then? The
answer is that entanglement can, in effect, cancel out between contributing states. A
simple example isto consider a 50/50 mixture of the two entangled ‘Bell’ states,

(0)|0) +|1[1))/v2 and ((0)|0) - |1)|2))/ /2 . The density matrix of this mixtureis,

b= [(0}0)+ [9I9)XoKol + 2ka)+ (0)0) - L}L X(ofto]— (1]
-~ {o)lojol(ol+ [ (afe]

(QM7.18)

Hence, thismixture s, in fact, separable, i.e. it has no entanglement. The ‘entangled’
parts (the cross-products) have cancelled between the two contributing states. Note that
this phenomenon is not always caused by cancelling per se. The second examplein
Section 2 shows that it can also come about due to the two mixed states combining in
such away to become factorisable.

Consider aset of arbitrary pure states of a bipartite system, ﬂ\pi >} wherei runs from 1 to
some arbitrary number of contributing states in the mixture, N. Each state can be written

D1,D2
as|y;)= Y Cyli)k), where D1 and D2 are the dimensions of the sub-system Hilbert
ik

spaces. If these states contribute to a mixture with respective probabilities p;, the mixed
state s,
p=" D P.CyClumli)K)(m(n| (QM7.19)

i,j,k,mn

wherei runsfrom 1 to N, and j and m run from 1 to D1, and k and n from 1 to D2. This
can be simplified as,

p= Z Djkmn| J>| k><m|<n| where, Dy, = Z piCijkCi*mn (QM7.20)

i,j,k,mn

The coefficients C;, are arbitrary except for the requirement that Z‘Cijk‘z =1, for each
j,k
value of i. The probabilities, p;, are also arbitrary except for requiring that Z p, =1.

Consequently, for given values of i, j, k, m and n, the two numbers C, and C;,, will be

uncorrelated, except when j = m and k = n. Consequently, provided that there are enough
randomly chosen termsin the sum over i, it isto be expected that,

Djkmn = Z P; Cijkciikmn o 8jm8kn (QM 721)
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Of course, thisis only true in the sense of being an expectation value. For any finite sum,
thevalueof D, will be non-zero. But its typical magnitude is expected to reduce as the

number of states contributing to the mixture increases (proportional to 1/vN).
Substituting (QM7.21) into (QM7.19) shows that the mixture is expected to tend to
become separable, i.e.,

p—> Zpi‘Cijk‘z|j>| k)i|(K] (QM7.22)

i,jk

This prediction has been explored numerically (using MATLAB), and thisis described in
the next Section.

5. The Entanglement of Random States (Numerical Exploration)

We have considered mixtures composed of random two-qubit states. The software
randomly combines a specified number, N, of random pure two-qubit statesinto a
mixture. It isimportant to realise that, for afixed small value of N, the resulting density
matrix is not random. It is biased because it is constrained to be composed of exactly N
pure states. The most obvious exampleisN = 1, for which the density matrix is not even
amixture, it isapure stete.

For each value of N considered, alarge number (Nt) of trias (i.e., randomly generated
density matrices) were run, typically the order of thousands. For each trial the vN entropy
of the mixture and its reduced density matrices were found, as were the corresponding
linear entropies, concurrence and Entanglement of Formation. These latter terms are
defined in Sections 6.1 and 6.2. The Peres criterion (Section 2.2) was also deployed,
which, for this 2 x 2 Hilbert space, is guaranteed to identify separable and inseparable
mixtures.

The sub-additivity inequality (see Part 6 of the QM Notes, QM6) says that the von
Neumann entropy of the combined state does not exceed the sum of the von Neumann

entropies of its parts: S} < S)\, + S, . In this Section we have used a variant definition of

the von Neumann entropy in which the dimension of the Hilbert space in question is used
as the base of the logarithm,

Sw =-2.pilog, p,

The resulting vN entropy is less than the log, definition by a factor of log,D. This makes
no difference to the reduced density matrices, since these are one-qubit (D=2) spaces.
The only other space is the 2 qubit space, D=4, so the vN entropy of the combined states
isreduced by afactor of 2. Hence, with this definition, the sub-additivity inequality

becomes S/ < (SCN +S5y )/ 2. We have plotted the outcomes of our trials as the average
of the reduced state VN entropies, Siy, = (SCN +Siy )/ 2, against the combined state vN
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entropy, S.°. All the data necessarily lie, therefore, above the line of equality. Note that
with this definition of VN entropy, all of S[, S, andS;, lieintherange [0, 1].

The Figures below show these plots, for N =1, 2, 3, 4, 5, 6, 7 and 10 respectively. For

N = 1 the vN entropy of the combined state is zero, because these are pure states. The
reduced states, however, are mixed and can have average entropies, S3,, anywhere from 0
to 1. The Figures are colour coded to distinguish, (a)the separable states (deep blue), and,
(b)entangled states, with varying magnitudes of the Entanglement of Formation (EoF).
Five ranges of EoF are distinguished, from 0to 0.2 (green) to 0.8 to 1 (mustard). The EoF
is one possible measure of the degree of entanglement (see Section 6).

We already know, from the previous Section, that there will be no separable statesin the
N=1 plot. However, we find that all the N=2 states are entangled al so.
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Entanglement of Formation (Colour Coded): Mixtures of Two Random Two-Qubit States
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Random Mixture of Four 2-Qubit States
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Random Mixture of Six Random 2-Qubit States
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Random Mixture of Ten Random 2-Qubit States
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Separable states first occur for N = 3, and become increasingly common as N increases
further.

As N increases, the proportion of states which have small vN entropies (combined or
reduced) diminishes rapidly. At the same time, the proportion of states with large
entanglements of formation also diminishes rapidly. For N=10 there was only one state
with EoF > 0.2. Hence, as N — oo, we have S/, S}, and S, all — 1, whereas EoF — 0,

and the plots become increasingly dominated by the deep blue points which cluster at the
top right hand corner. In other words, for a sufficiently large number of states
contributing to the mixture, the resulting mixed state becomes separable. Thisisjust as
deduced agebraically in the previous Section.

The number of separable states out of 1000 trialsfor N from 1 to 20 is shown below.
Each N has been run three times to indicate the spread in results obtained. The average of
these three results is plotted in the graph which follows.
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N Number of Separable States (out of 1000 trials)
1 0 0 0
2 0 0 0
3 53 44 61
4 204 199 190
5 375 356 358
6 515 515 517
7 663 664 616
8 761 734 750
9 831 800 819
10 881 866 887
11 905 913 915
12 939 947 935
13 971 966 962
14 974 977 962
16 991 990 992
18 997 993 997
20 996 999 995
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Number of Separable States out of 1000 Trials Consisting of Random Mixtures
of N Pure Two-Qubit States
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6. Attempts to Quantify the Degree of Entanglement for Mixtures

Previous Sections have discussed recognising whether a state or mixture is entangled or
separable. However, there are degrees of entanglement. For pure states we have seen that
‘almost al’ states, chosen at random, are entangled in the sense of being non-separable.
However, the degree of entanglement varies widely, asillustrated by the first of the
preceding graphs (the colour coding, the Entanglement of Formation, being a measure of
the degree of entanglement).

There is awidely adopted entanglement measure for pure states. The entanglement of a
bipartite state p .5 is defined as the von Neumann entropy of the reduced state, noting that
it does not matter which sub-system is traced out,

E(@AB)z SvN (f)A ) = SvN (f)B)’ where, lSA =Trg (f’AB) and ﬁ)B =Tr, (ﬁ)AB) (QM7.0)

Unfortunately, thereis no single, universally agreed, measure of the degree of
entanglement for mixed states. Moreover, some entanglement measures, whilst well-
defined, are hard to evaluate in the general case. In this Section we present some of the
more common entanglement measures that are in use for mixed states, though the subject
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islarge and thisis by no means a complete survey. One of the seminal papersin this area
is Bennett et a (1996), which is strongly recommended.

6.1 Purity, Linear Entropy and Entanglement of For mation for Mixtures

The Purity of amixture, u, is defined as,
w="Tr(p?) (QM7.6.1)

Recall that any pure state hasTr(f;2 ) =1, and hence the purity is unity for pure states. The

minimum purity is obtained for maximum vN entropy, when all the eigenvalues of the
density matrix equal 1/D, where D is the dimension of the Hilbert space. Hence the
minimum purity is 1/D.

The Linear Entropy is defined by,

S =(1-p)—— (QM7.6.2)

Hence the linear entropy ranges from O (when the purity is 1) to 1 (when the purity is
1/D).

Entanglement of Formation (EoF) of a mixed state is defined as the optimised weighted
sum of the von Neumann entropies of the states contributing to the mixture,

EoF = MI N{Z p.E(w v, |)} (QM7.6.3)

where the entanglement of a pure bipartite state, EQ v v |) , is defined as the von

Neumann entropy of the reduced state, E(v, )(y, |) =S, [T, Qwi Ny, |)] noting that it

does not matter which sub-system, A or B, is chosen. For a pure state, the EOF reduces to
the usual definition of the entanglement of a pure state, (QM7.0).

The set of states ﬂwi >} suchthat p=>"p;|w; )w;| isnot unique. The Entanglement of

Formation is defined by (QM7.6.3) by minimising the result with respect to any {p, }and
ﬂ\yi >} for which p=>"p; |y, (v, | equalsthe density matrix in question. In general this

isadifficult optimisation to perform. However, a simple algorithm for EOF exists for an
arbitrary mixture of two qubits. Thisis given below.

Before giving this algorithm, it is worth emphasising how crucial is the minimisation of
(QM7.6.3). Choosing an inappropriate (i.e. non-optimal) basis, ﬂ\pi >} will give agrossly
misleading result. A ssmple exampleis provided by the 50/50 mixture of Bell states,
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ly.)= Q0>| 0) £ |1>|1>)/ V2. We know that thisis a separable mixture (see Section 2),
since the density matrix is p = %UO>| 0)(0|(0]+|1)| 1>(1|<1|] In this latter, computational,

basis, the reduced density matrices corresponding to the two terms are

10 00
[0 Oj and (0 J respectively. These both have zero vN entropy, and hence

>p Equ N, |) evaluated in this basisis zero. Thisis obviously the minimum and

hence the EoF (which measures the entanglement) is zero, asit should be for a separable
state. However, if we evaluated ) p, E(]wi N, |) in the Bell basis, we have,

)= %(j0><0| + |1><1|) — [1:)2 1;)2J . The vN entropy of these statesis 1, and

T (. )w.
hence >"p, E(] vy, |) is also unity. So, evaluating in the wrong (i.e. non-optimal) basis

gives agrossly misleading result. It suggests that the state is maximally entangled, when
infact it is separable.

Incidentally, this example may give the false impression that the reduced density matrix
is basis dependent. Of course that is not true. The reduced density matrix is basis
independent because,

TrA(ﬁAB):Z<i|AﬁAB|i>A =%UTJ<J|A6AB|I>AU“ :;<J|A6AB|I>A6U =Z<I|A§AB|I>A

The two bases used above do lead to the same reduced density matrix, but expressed as
the sum of different terms, as follows,

1(1 0) 1(0 O ., 1(1/2 0 1(1/2 O
= += compared with = +=
20 0) 2\0 1 20 1/2) 2( 0 1/2

Thus, whilst both give the same total reduced density matrix, the expression on the RHS
of the definition of EoF, )" p, EQ v v |) involves evaluating the S,y for each termin

the sum separately. Thisis how the difference arises.

6.2  Algorithm for Finding EoF for an Arbitrary Two-Qubit Mixed State

and Definition of Concurrence, C
The Entanglement of Formation is a good entanglement measure. Unfortunately it is
difficult to evaluate in the general case because of the optimisation needed. However, for
two qubit states there is an effective algorithm for EoF, first stated by Wootters (1997), as
follows:-
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2 x 2 Hilbert space: EoF = g(% b+ J1-C? D (QM7.6.49)
where, g(x) = —xlog, x— (1—x)log, (21— x) (QM7.6.4b)

and where C is the Concurrence.

The Concurrence, C, of a2 x 2 state, is defined by,

C=MAX(0,¢) (QM7.6.53)

where, E=hy — Ny Ay =0y (QM7.6.5b)

and the Ai are the eigenvalues, in descending order, of the matrix,
plo, ®c, (0, ®5,) (QM7.6.5¢)

where (cy ® Gy) isthe direct product of the y-component Pauli matrix, i.e.,

0O 0 0 -1
0O 01 O

® = M7.6.5d
-1 00 O

The square of the concurrenceis called the “tangle”.

The Entanglement of Formation, the concurrence, and the tangle are all measures of
entanglement in that they range from O for separable states to 1 for maximally entangled
states.

Bennett et al (1996) show that the EoF is the number of pure Bell states (e.g. pure
singlets) which Alice and Bob would have to share in order to be able to prepare the
mixed quantum state without the exchange of further quantum states. This justifies the
name “entanglement of formation”.

Wootters (1997) aso gives an algorithm for explicitly constructing a decomposition of
the bipartite density matrix, ﬂ\yi > P } which gives the minimal value for

>p Eqwi N |) Again thisisfor the 2 x 2 Hilbert space only.

Asfar as| am aware, no effective algorithm for calculating the entanglement of
formation, or explicitly constructing a corresponding decomposition, {[\yi > P } has yet
been devised for Hilbert spaces of arbitrary dimensionality.
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Example of 2 x 2 Evaluation of EoF
Consider the bipartite density matrix in the usual computational basis,

/2 0 O
0 14 1/4
0 14 1/4
0O 0 O

(QM7.6.5¢)

Pag =

o O O O

The obvious decomposition is |y, ) = |0)|0) with py = %, plus, |y ,) = QO>|1>+ 1) 0>)/\/§
with p, =% . Thefirst of these states produces a reduced density matrix with vN entropy

1/2 0
zero, whilst the reduced density matrix of the second is ( 0 1 ZJ which hasavN

entropy of 1. Hence, this decomposition produces avalue for Z P EQ W, ><\yi |) of 2. The

correct EoF cannot exceed thisvalue, sinceit is, by definition, the minimum possible
valueof > p, Eqwi N, |) We will see that the EoF is actually smaller than this.

We follow Wootters® prescription given above. The matrix defined by (QM7.6.5¢c)
evaluates to,

0O O
1/8 1/8
1/8 1/8

0O O

0

0
(QM7.6.5f)

0

0

o O O o

The eigenvalues of this matrix are Mi = ¥4, 0, 0, 0. Hence, from (QM7.6.5a,b), C=%2. So

tL+ V1-C? J/ 2 =0.9330, and hence EoF = g(C) = 0.3546, using (QM7.6.4b). Hence, the
EoF isindeed less than 0.5.

What decomposition achieves this minimum of > p, E(] v )y, |)’? Wootters (1997) gives

an algorithm for explicitly constructing such a decomposition for 2 x 2 mixed states. Here
we shall just write down aminimal decomposition, obtained by alittle trial and error for
this simple example, i.e.,

(QM7.6.50)

i) = 51010}~ 5 (0} +[2/0)) e Jw.)=[o}o) 5 (0l + 4]0)
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with p; = p2 = %. This clear reproduces the density matrix (QM7.6.5€). The reduced
314 £1/2y2

+122  1/4

eigenvalues, i.e. 0.9330 and 1 0.9330 = 0.0670. Hence > p, E(] vy, |) evaluates to

density matrices of these states are ( j , which both have the same

0.3546, as given by Wootters’ prescription. QED.

Note that a useful biproduct of Wootters (1997) isthat it shows that the number of states
inaminima decomposition need not exceed the number of non-zero eigenvalues of the
bipartite density matrix (i.e. 2 in the above example). | am not sureif this holds for
dimensions greater than 2 x 2.

6.3 Purity Measure of Entanglement for Gaussian States

Adesso, Serafini & Illuminati (2004) have proposed entanglement measures specific for
continuous-variable (CV) Gaussian states. The purity of the bipartite state is denoted p,
whilst the purities of the reduced states are denoted pa and pg. For Gaussian states it can
be shown rigorously that,

All states are separableintherange: p,pg <p < Hals (QM7.6.6a)

X1

States may be separable or entangled in the range:

Hale < Hale (QM7.6.6b)
X1 X2
; . Halgp Hallg
All states are entangled intherange: —~—= <u<—2—= (QM7.6.6¢)
X2 X3
where, X1=Ha THg ~Halg; (QM7.6.6d)
Yo = B2 +pd —pdpd (QM7.6.6¢)
X3 = Halg +|“A _HB| (QM7.6.6f)

I had hoped that, although proved for Gaussian states, this entanglement measure might
prove useful for the general discrete state al'so. However, this appears not to be the case.

Take, for example, the 50/50 mixture of the Bell states |y, ) = QO>| 0) + |1>|1>)/ V2 and
ly,)= QO>|1> +|1)| 0))/\/5 . We have seen already in Section 2 that thisis a separable

1 1 1. R 1. R
state, E|W1><W1|+§|W2><W2|:Epm ® Py +§p2A ® p,g , Where,

P, = i(]O>(0| +[2)(1]) and p, = %QO>(1|+|1>(O|) In matrix form thisis written as,

72
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1 001
0110 10 10 01 0 1
1 = 1 ®1 +E ®E . Now the square of this
40 1 1 0 2{(0 1) 20 1) 2{1 0o/ 211 O
1 001
1 001
) ) .. 10 1 1 0 _
two qubit density matr|X|s§ 110 , and hence p = %. The reduced density
1 001

1/2
matrix is ( 0 v 2}, and hence pa =% . The values of the expressionsin

V7 1

(QM7.6.6d,ef) arethus y, = % Ao = 7 X3 =— , SO that the three ranges defined by

4
, 1 11
(QM7.6.6a,b,c) are respectively, 2 <p< 3 ; 3 <p<

. 0.37796 ; and,
J7
% =0.37796 < n <1. Thus, our value of u =%2isin thelast range, which should

correspond to a guaranteed entangled state (for Gaussian states). But thisis the wrong
result. We know this state is separable. So | conclude that these Gaussian state purity
measures of entanglement are of no use for general discrete states. (Thisis unfortunate
because they are very smple to evaluate).

6.4 The Entanglement of Teleportation (Pure States Only)

Although the most commonly used measure of entanglement for pure statesis the von
Neumann entropy of the reduced states, it is not the only measure which has been
defined. It would appear that the most appropriate measure of entanglement depends
upon what physical property isin question. Thus, Rigolin (2005) has defined an
“entanglement of teleportation”. This was defined specificaly to reflect faithfully the
usefulness of the state as a quantum teleportation channel. Asfar as| am aware, the
entanglement of teleportation has been defined only for pure states with an even number
of orthogonal states (i.e. for bipartite states, each sub-system comprising N qubits).
Rigolin’s entanglement of teleportation is, in general, different from the entanglement of
formation (which reduces to the vN entropy of the reduced states for pure bipartite
states). Thisisbest illustrated by example. In these examples we are adopting the
convention that maximal entanglement (or entropy) is unity. This means that, for 2-qubit
states, the vN entropy is defined using logs to base 4.

Rigolin defines a magic basis for states of 4 qubits, consisting of 16 basis states of which
one exampleis,

|g,) = (|0000) +|0102) + |1010) + [1111))/ 2 (QM7.6.7)
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These generalised Bell states have maximal entanglement according to the vN entropy
definition, and al'so maximal entanglement of teleportation. These states will reliably
teleport an arbitrary 2-qubit quantum state. [NB: In QM7.6.7, thefirst pair of qubitsis
accessible to Alice, and the second pair is accessible to Bob, and the tel eportation
involves a 2-qubit state].

Consider now the state, defined by Rigolin, as,
|GHZ*) = (0000) [1111))/+/2 (QM7.6.8)

The entanglement of teleportation is %2 [see Rigolin(2005)]. To find the vN based
entanglement, note that the reduced density matrix is QOO)(OO| + |11>(11|)/ 2. Hencethe

VN entropy of the reduced state, i.e. the entanglement, is 2 x %210g4(2) = %2 . So, the vN
entanglement and the entanglement of teleportation are again equal for these states.
However the fact that the entanglement of teleportation is not optimal for these states
reflects the fact that they can reliably teleport only a subset of 2-qubit states.

Asafina example consider Rigolin’s state,

|W) = (|0001) +|0010) +|0100) + [2000))/ 2 (QM7.6.9)

The reduced density matrix is %| 00)(00| + %(}Ol} +]20))(01] +(10]), i.e. the matrix,

12 0 0 0] (/2 0 0 0
0 14 140 |0 1/2 00
0 14 140/ o o0 00
o o 00 (0 0 00

where the arrow denotes diagonalisation. Hence the vN based entanglement is,

2 x Y%21004(2) = % . However, Rigolin gives the entanglement of teleportation of this state
to be zero. Thisreflects the fact that this state cannot be used as areliable tel eportation
channel for any quantum states. The fact that the vN based entanglement is %2 therefore
implies that it is not a good guide to the usefulness of a state as a teleportation channel.

6.5 Distillable Entanglement

The entanglement of formation (EoF) measures how many pure Bell states (each defined
as having unit entanglement) is needed to prepare the mixed state in question. But it may
be more indicative of the usefulness of a mixed state for physical purposes (e.g. quantum
computation) to consider the number of pure Bell states which can be made from the
given mixed state, rather than the reverse. Thisis the “distillable entanglement”. Bennett
et al (1996) define two versions of the distillable entanglement depending upon whether
only one-way or two-way classical communication between Alice and Bob are permitted.
In neither case is the exchange of quantum states permitted, of course. Unfortunately, the
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distillable entanglement is even harder to compute in the general case than the EoF. We
finish by quoting Bennett et al,

“By didtillable entanglement we will mean the asymptotic yield of arbitrarily pure
singlets that can be prepared locally from mixed state M by entanglement purification
protocols (EPP) involving one-way or two-way communication between Alice and Bob.
Distillable entanglement for one and two-way communication will be denoted D1(M) and
D2(M), respectively. Except in cases where we have been able to prove that D1 or D2 is
identically zero, we have no explicit values for distillable entanglement, but we will
exhibit various upper bounds, as well as lower bounds given by the yield of particular
purification protocols.”

Note that it is physically obviousthat D1(M) < D2(M) < E(M), since otherwise we could

distill more entanglement out than we put in, which could then be used to create a more
entangled state.

7. Summary

¢ The concept of entanglement applies to systems which can be considered as composed
of two sub-systems (bipartite), often called Alice and Bob.

¢ A pure bipartite quantum state is entangled iff it cannot be expressed as the product of
quantum states of the two sub-systems.

¢ A mixed bipartite state is entangled iff its density matrix cannot be written asa
weighted sum over direct products of density matrices for the two sub-systems.

o If apure stateis chosen at random from a given Hilbert space describing a bipartite
system, then it will almost aways be entangled (the separable states are of measure
zexo);

o If alarge number (N) of pure states are chosen at random and combined with random
probabilities to form a mixture, then the resulting mixture will be separable (i.e., not
entangled) in amost all cases. This becomes ‘all cases’ asN — «.

¢ A widely used measure of the entanglement of a pure bipartite state is the von
Neumann entropy (Syn) of the reduced states.

e However, even for pure states, the most appropriate measure of entanglement can
depend upon the physical application in mind. Thus, the above S, based
entanglement measure is misleading as an indicator of the functionality of astate asa
quantum teleportation channel. For this, Rigolin’s entanglement of teleportation is
more indicative.

e Thereisno universally agreed measure of entanglement in mixed states. Though the
entanglement of formation iswidely used it suffers from the disadvantage of being
difficult to calculate for states of dimensionality greater than two qubits (4D). It terms
of interpretation, it suffers from the disadvantage of being the entanglement needed to
create a given mixed state, as opposed to the amount of entanglement that can be
extracted from it (the distillable entanglement).

e Thereisasimple effective algorithm for the calculation of the entanglement of
formation in the case of arbitrary mixtures of two qubit states. This also provides the
alternative entanglement measures, the Concurrence and its square, the Tangle.
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e Thereisaso an effective algorithm for constructing a decomposition of the bipartite
density matrix into a mixture of states which realises the minimum value of

>op E(] v )y, |) which defines the entanglement of formation — but only for the two

qubit case.
¢ A simple criterion due to Peres provides a necessary and sufficient criterion for the
separability of arbitrary mixtures of bipartite states of dimensionality 2x 2 and 2 x 3.
e The Peres criterion is sufficient to imply entanglement, asis the criterion that the vN
entropy of the bipartite mixture exceeds that of either reduced state, but neither of
these criteria are necessary in general.
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