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1. Hilbert Space

Quantum mechanics holds that the state of a physical system can be represented by a
vector in Hilbert space, H. Hilbert space is alinear vector space over the complex
numbers. So any vector can be multiplied by a complex number to obtain another vector,
and vectors can be added together. Writing vectorsin the Dirac ket notation, |\y> , this

means that for any vectors| \V> and | ¢> and any complex numbersaand b, it is possible to
combine them to form another vector a\|w> + b| ¢> . Thereisaunique zero vector, which
can be obtained by multiplying any vector by the number zero, | zero) = 0y} , and which
leaves any vector unchanged when added to it:| ) +| zero) = |y) .

NB: We shall often use the notation| 0) to represent either the ground state of a system or

perhaps a particular spin state of a spinning particle. In neither case should this state be
confused with the zero vector, | zero) . A physical system cannot be presented by the zero

vector, since aphysical system is aways normalisable, i.e. it has non-zero norm (see
below).

In addition to the above laws of combination, which are essentially the definition of a
linear vector space, a Hilbert space also has a scalar product. Thisis amapping from
pairs of vectorsto the positive indefinite real numberss H ® H - R ;.

A Hilbert space can be spanned by a set of orthonormal vectors {]¢i >} which means that
any vector can be expressed as|\|/> = z a | ; > for some complex numbers a.

Orthonormality of the basis vectors means that under the scalar product they gives,; .

A conjugate Hilbert space is defined, in which every vector|y) = > a,[¢,) hasa

corresponding conjugate vector (a ‘bra’ corresponding to a ‘ket”) which iswritten
(w|=>"a/(¢;|. The scalar product is then completely defined by (¢, |¢j> =3;.

Thisgives, (yg) = > a/b; and hence, (g|y) = (wlg) where, |y) = 2.a4;) and
€)= 2.bi|¢;) . Hence also(y|y) = ] = 2.a&a, , where |y]| iscalled the ‘norm’ (or

‘length’ or ‘magnitude’) of the vector |\|1> . Hence, the norm of any non-zero vector is
positive definite, the zero vector alone having zero norm.
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In contrast, the scalar product of two different vectorsis, in general, complex. When real
it can be negative.

In the particular basis ﬂq)i }} we may think of |y)=>"a,|¢,) asbeing represented by a
column matrix consisting of the numbers a, and the conjugate vector (y|=> a/|¢;) as

represented by arow matrix containing the complex conjugate numbersa. .

The scalar product can thus be regarded as the ordinary matrix multiplication of the
vectors as represented by their row/column matrices, i.e.,

(=@ & a.. ->ab,

A “linear operator” on Hilbert space is alinear mapping which takes any vector to
another vector,Q :H — H. Thus the result of acting the operator on any vector |\|;> is

Qlw) eH. Linearity means that for any pair of vectorsQaly) + H£)| = aQlw) + bQ[e)

Henceforward we shall be lazy and speak of “operators” when we exclusively mean
“linear operators”. Note that linearity of the action of the operator on the Hilbert space

does not imply algebraic linearity of the operator, e.g., linearity of Qimplieslinearity of

Q?,Q° etc.

Any operator can be fully defined by its operation on abasis set of vectors, i.e. by the
square matrix of complex numbersQ; = (¢, |Q|¢,; ) . Note that we can also write

Q;)=>"Qy[¢,), dueto the assumed orthonormality of the basis {,)}. Note the order

of the indices on Qj;;. Hence, for an arbitrary vector, |\|/> :

Q|\V> = Qizai|¢i>: izaié|¢i>: izaizj:Qii‘¢j>: Za;

o)

where a; = Z Q; & - Thismeansthat if we consider the numbers Qji as a square matrix,
i

(Q), then the action of the operator isto transform the components of a vector as per
ordinary matrix multiplication, i.e. @' = (Q)a. Note that all the complex numbers &, &

and Q; are with respect to the specified basis ﬂq)i >}
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Conversely, given any square matrix of complex numbers, Q;i, we can useit to define a
linear operator by defining the operator’s action as being Q| o} > = Z Q; ‘ b; > . One means
of specifying amatrix isto form the product of acolumn and a rovvJ vector,
bl
@=| 7 b & . )

3
etc.

so that Q;i = b,-a*. We can consider the column and row matrices as being the components
of vectors, [)=>"b|¢;) and |y)=>"a|¢;), S0 that we can write,
j j
i =(0;1Q0) = (0;[Xwlo:)
From this there is an obvious notation for operatorsas Q = [£)(y| .

Note that it follows from the above definitions that any operator can be written in terms
of its components wrt basis ﬂ o, >} as,

QE IZJ:Q|J|¢|><¢J‘

2. Special Operators

The operator P, =|¢, }(¢; | projects out the i’th component of any vector, i.e,
Plw)=[: )X |Za‘¢ )= Zaj|¢ b l0;) = Zaj|¢i>6ij =a4;)

So summing over all such projection operators gives the unit operator: ZR =1, wherel

issuch that 1)) =) for all vectors.

More generally, if|y)is anormalised state, i.e. it has anorm of unity, then |y)(y| isa
projection onto the direction of|\|/> . Hence, the result of applying this operator to any

vector is that the component of this vector projected onto|q;> results. Thisisjust another

way of saying that (w)(w|)e) = w)(w[g) = (w[e)]w)-
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Any projection operator, P, isidempotent, i.e., it obeys F? = P. Physically thisis because
projecting again does nothing further. Mathematically, |y ){w | w){w|=|w){y|.

For any Q the “adjoint” operator is defined via the adjoint matrix of elements. Thus the
adjoint of Q = |¢,)Q; (¢, ‘ iswritten, Q* |¢i>Q}<¢j‘.For example, (w)(&|) = [e)Xv|.

An operator is said to be Hermetian, or self-adjoint, if it equalsitsadjoint, H* = H, and
thisis equivalent to its matrix of components being Hermetian, i.e. (H+ )ij = H =H,;,or

simply (H)" = (H). It is smple to demonstrate that being self-adjoint wrt one basis {4, )}

implies being self-adjoint in any other basis, so that being self-adjoint is a property of the
operator, not of the basis.

Theinverse of an operator reversesits action. Thus, if Qy) =|&)then Q*|&) =|y) for
any vector| \l!> . Not all operators have an inverse. For example, a projection operator
clearly does not have an inverse. For example, ﬁilw) = a1|<|>1> looses al information

about the other components of | \V> ,1.e. &, &,..., and hence clearly cannot be inverted.
The components of an inverse operator are the inverse matrix of the components of the
operator, i.e. O =[4,)(Q)*), (] The non-existence of an inverse operator is therefore

equivalent to the non-existence of the inverse matrix, i.e. that the determinant |(Q)] is

1 0 O
zero. For example, the matrix for I51is 0 0 O ,whichclearly has zero determinant.
0 O etc.

A Unitary operator is one whose adjoint equalsitsinverse,U* = U™. The same
expression holds for the matrix of components. Unitary operators have the property that

they preserve the norm of avector. Thus, if [£) = U|y) then (£]€) = (y|w) . Thisfollows
simply from (&2) = (w[0"U]w) = (y|U*0lw) = (w[llw) = {y |y), because
Q) -

An operator which transforms from one orthonormal basis to another must be Unitary.
Proof: put |y, ) = Q|¢ > where both |\|1 ) and| ¢, > form orthonormal bases. It follows that,

(i) =3, = (6,]Q Qo) = (6,]Q oo Qo) = Q") Q) , sothat he

matrix of components of Q" is seen to be theinverse of that of Q, hence Q is Unitary.
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3. Eigenvectors and Eigenvalues
The eigenvalues, g;, and eigenvectors, |qi>, of an operator Q are defined via

(A3|qi > = qi|qi > excluding the trivial zero vector for which any g; would obey the

eguation.. The eigenvalues can be found by solving the “secular equation”, which isthe
requirement that, for a non-zero eigenvector, the determinant of (Q)— g, (I) must be zero,

where (1) is the unit matrix. Thus, for example, P, has one eigenvalue equal to 1, and the
rest are 0. Generally, projection operators can only have eigenvalues O or 1. Thisiseasily
seen from P?|y) = Ply) = A|y) = 2?|y), and hence 1 = 1*.

Eigenvectors are defined only up to an arbitrary multiplicative constant. Thisis reduced
to an arbitrary phase factor (€'°) by requiring that states be normalised to unity,

<Qi |qi > =1.
The set of all eigenvalues of a given operator is called its spectrum.

It issimple to show that Hermetian operators have rea eigenvalues and that their
eigenvectors are mutually orthogonal. Proof: put H|wy,)=2|w, ). Then,

<\yj ‘H+ :<\pj ‘H = Xj<wj ‘ . Hence, <\uj ‘H|\ui>: ki<\uj ‘\ui> :Xj<\|;j ‘\ui>. Inthecasei =
the norm (y; ;) cannot be zero and hence we have A, = i, i.e., the eigenvalues are
real. However, if the eigenvalues are different, and knowing now that they are real, the
above expression can hold only if <W j ‘\pi > =0, i.e. the eigenvectors are orthogonal. A

subtlety occurs for degenerate eigenvalues, i.e., when distinct eigenvectors have the same
eigenvalue. In such as case, any linear combination of the degenerate eigenvectorsis aso
an eigenvector with the same eigenvalue. But this “degenerate subspace” can be spanned
by a mutually orthogonal set of eigenvectors, so the result is the essentially same. We

merely assume that some (arbitrary) orthonormal basis of this subspace has been chosen'.

It isalso ssmpleto show that Unitary operators have eigenvalues which are complex
numbers of modulus unity, i.e. pure phase factors of the form €' for real 6, and whose
eigenvectors are mutually orthogonal. Proof: put U|y; ) = ;| ). Then,

(y; U™ =(y; U™ =2 (| Hence, (v, | =2 (w,|U, and thus,
(wi i) =2 (w; Ul ) =20 (w|w; ) . Hence, in the casei = j the norm (v, |y, ) cannot

be zero and hence we have XA, =1, i.e. the eigenvalues are of unit modulus as claimed.

* A more virulent form of this subtlety occurs for zero eigenvalues. Any vector would obey the eigenvalue
equation when ¢, = 0, including a ‘true’ eigenvector with anon-zero eigenvalue. It is unwelcome to have
two eigenvalues for a single eigenvector. So, in such a case, only the subspace orthogonal to all the
eigenvectors with non-zero eigenvalues is regarded as home to eigenvectors with zero eigenvalues.
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Where the eigenval ues are different we thus have X1, = el ), and the exponent is non-
zero (generally not amultiple of 2r), so this cannot equal unity. Hence to satisfy the
above expression we must have <W,— ‘\pi > =0, i.e. the eigenvectors are orthogonal. As for
Hermetian matrices there is a subtlety for degenerate eigenvalues, but thisis salvaged in

the same manner by adopting a mutually orthogonal set of eigenvectors which span such
degenerate subspaces.

It follows from the above observations that any Hermetian or Unitary operator can be
used to define abasis, i.e,, its eigenvectors form an orthonormal basis, assuming they
have been normalised.

Spectral Representation: Any operator can be written Q = > Qyld; ><¢ J. ‘ interms of an
¥

arbitrary orthonormal basis ﬂq)i >} If Qisan operator of atype whose eigenvectors form
an orthonormal basis, e.g. Hermetian or Unitary, then we can use these eigenvectors as
the basis, i.e. use{¢,)}={q;)} . Inthat case Q, =(q,|Qq;) = 4,5, and hence the matrix

of components is diagonal in this basis, Q = > aila; ><qj ‘ . Thisis called the “spectral

representation” but isonly valid if the operator’s eigenvectors form an orthonormal basis.

4. Physical Interpretation

Vectorsin Hilbert space represent the state of a physical system. Quantum mechanics
holds that, so long as the right Hilbert space is chosen, the vector represents the physical
system fully. Hermetian operators on this Hilbert space represent physical observables.
The physical action of a measuring device which is constructed so as to measure an

observable Q is represented in part by the action of the corresponding operator Q on the
vector |\y> which represents the initial state of the system. Thus, the action of taking a
measurement is regarded as having the potentia to alter the state of the system, since
Qw) will in general be a different vector from|y). However, the physical interaction
which comprises a measurement also involves a second component which is not specified
by the operator Q. More of this later.

The numerical value which results from a measurement has to be one of the eigenvalues
of the operator representing the observable, i.e. it hasto be one of the discrete set of
numbers qi, Oz, s, €tc. Thisiswhere the discreteness, which is the hallmark of quantum
mechanics, originates. The requirement that physical observables be represented by
Hermetian operators means that all the possible outcomes of a measurement are real
numbers.

If the system happens to be in a state which is one of the eigenvectors of the observable
being measured, &ay| o} > , then the outcome of the measurement (i.e. the value assigned to
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the observable) will definitely” be . Thus, the algebraic relation Q|q, ) = g;|q;) can be
interpreted thus: the LHS represents performing the measurement; the RHS represents

getting out the resulting measured value. The Hilbert space operator, Q, represents the

measuring equipment’s interaction with the system, and the number, ¢, which pops out is
the reading on itsdial or screen.

In general, an arbitrary state will be a combination of eigenvectors of the observable, Q,
being measured, i.e.,|y) = > a,|q;). (The existence of such an expression is ensured by

the orthonormality of the eigenvectors of an Hermetian operator, see above). Performing
the measurement would thus appear to giveQy) = QY aq;) = > aQla,) = > aqla;)

The trouble with this is that no single outcome is forthcoming from the algebra, and yet a
physical measurement will yield adefinite result — and this result must be one of the
eigenvalues qy, O, s, €tc. Thisisthe famous “measurement problem” (or one aspect of
it).

The solution to this problem is known as the Born Rule. This holds that, upon
measurement, the vector representing the state of the system undergoes an irreversible

change so that it isleft in one of the eigenstates, | q; } , of the measuring device (as

opposed to a sum over several such eigenstates). Thus, the action of a measuring device
isnot, in general, fully accounted for by the action of the corresponding operator on the
state vector, but there is also a second ‘step’ which selects and projects out just one of the
contributing eigenstates. This can be written symbolicaly as,

Measurement: R, |y)=R,> a]q,) —|q,) with probability |ak|2

The symbol R does not mean anything which can be interpreted as part of the Hilbert
space algebra. Indeed, not only isits mathematical nature unknown, but its physical
nature is equally obscure. It is sometimes called “reduction of the wavepacket”. Exactly
of what this “reduction of the wavepacket” consists has not been resolved. Its natureis
part of the measurement problem.

The Born Rule holds that the probability of the result of the measurement being g« is
la,|”. Thus, if theinitial state were 0.9q, ) +0.4359/q, ), then the measured value would

be found to be g; on 81% of occasions, and g, on 19% of occasions, but never found to
be g3, g4, etc. However, the outcome of an individual measurement cannot be predicted
with certainty. Thusthe Born Rule (or the R -process) is the origin of the infamous
indeterminacy of quantum mechanics.

2 Subject to experimental uncertainties, of course. We say “definitely” to emphasise that there is no
fundamental, quantum mechanical, obstacle to obtaining a result which is 100% predictable and
reproducible.
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It would seem that the R -processis aso the sole cause of the entropy of the universe
increasing (more of thisin Part 6 of these QM notes), and therefore a so responsible for
the arrow of time.

From the Born interpretation springs the requirement that the vectors representing
physical states be normalised to unity, since the interpretation of the |ak |2 as probabilities

means that we need to ensure that ) a, |2 =(y|y)=1.

Since each possible measurement outcome, g, has probability p; =|a; |2 , it follows that
the expectation value of Q prior to measurement, if the state is |\|1> 1S,

<Q> = izpiQi = iZ|ai|2qi =<‘V Q

)

Thus, if we transformed to abasisin which |\y> were one of the basis vectors, then the

expectation value of Q for this state would be the corresponding on-diagonal component
of the matrix of components of the operator Q.

Note that the expectation value of an observable, i.e. the average outcome of many
measurements, iswell defined within the Hilbert space algebra. It is only the outcome of
individual measurements which is not.

Note also that it isonly the R -process, the “reduction of the wavepacket”, that makes
guantum mechanics indeterminate. The time evolution of pure quantum statesis perfectly
determinate (i.e., unitary evolution, see below).

The Wavefunction: Personally, | use the term ‘wavefunction’ as synonymous with ‘state
vector’. Historically, it meant the solution to the Schrodinger equation (see below), and
hence a function of the position coordinate, . In Dirac (Hilbert space) notation we may

define a state representing a particle being at position 1 as |F> . Thus, the wavefunction

corresponding to an arbitrary state vector |y} is defined asthe scalar product (F|y) ,

which isthus a function of position. For example, the state |\|;> may be a state of definite

energy, i.e. an eigenstate of the Hamiltonian operator (see below). In this case
w(F)=(T|y) isthe representation of this energy eigenstate in configuration space, i.e. as

a ‘wavefunction’. We may imagine the state |\|/> expanded in terms of the position states,
i.e.|y)=> a]f), wherewe have discretised space and each |, ) may be interpreted as
covering some finite volume dV. Hence, a measurement of position carried out on a
particlein state |y) will yield the result T, with probability Ja, |* =|(F; [w)|* = [w(F)". Thus,
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the Born Rule also yields the interpretation of the wavefunction, i.e., that its absolute
square is the probability density of the particle.

The Trace of an operator, Q, is defined as Tr( ) Z(d) Ql#,), i.e. thetrace of an

operator is the trace of the matrix of its components It iseasily seen that the trace of an
operator does not depend upon the basis chosen. Consider bases ﬂq)i )}and ﬂwi >}

connected by the transformation: |y ) = U|¢; ), for all i. Then,

Z(Q |Q|¢| > :Z<Wi i> :Z<Wi |U+|Wk><\l’k |Q|Wn><\vn |U|Urli>

ik,n

kZ(\v Ui )w U v e Qlw )
Wn>:§<\vn”Wk><Wk

= (y, JUU Ty, Nw, |Q Q
k,n

Bnc(Wi|Qw,) = Z(wklf?lw

V)

I
*M

thus establishing that the trace is the same in al orthonormal bases. Note that we have
used the fact the orthonormal bases are connected by Unitary transformations, as proved
above.

The trace can be used to express the expectation value in an alternative way. For thiswe
represent the state of the system, not by the vector |\|;> directly, but rather by the

corresponding projection operator, p = | \|1><\|;| . The expectation value of observable Q is
then,

)

TrlpQ)= X (0 [ wwiQien) = X (wiQlo: o w) = (v[Q

as claimed. The operator p =|y)(y | iscalled the “density matrix” for the pure state | ) .
Note that we have used >"|¢; (¢, | = I, the unit operator, becauise of the completeness of

the basis.

Which Operators Are Observables?

Only Hermetian operators can represent observables. For along time it was thought that
all Hermetian operators of a given, physicaly realisable, Hilbert space represented
observables. The modern view isthat thisis no longer tenable, and that only a subset of
Hermetian operators are observables. Here my knowledge expires, except that C*
algebras enter the picture when thisissue is taken further.
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The wavefunction (or state vector) itself is not an observable. We will seein Parts 10 and
11 of these QM notes why the state vector cannot be observable. It is because this would
yield far more information than the state can convey.

5. Dynamics: Evolution in Time (Schrédinger Picture)
Thereisaparticular Hermetian operator, called the Hamiltonian, which represents the
observable “total energy”, and is denoted H . Since energy is conjugate to time, the time
evolution of the state of the system, | \V> , iIsgiven by the Schrédinger equation,

0 ~
'hﬁm = H|y) (1.3.1)

This can be solved formally as, |y(t,)) = exp{— IE H(t, - tl)}|\|/(tl)> . The operator
U(t,—t,)= exp{— '% H(t, - tl)} is therefore the ‘propagator’, i.e. it propagates the state
from one time to another. Note that because H is Hermetian it follows that U is Unitary.
The fact that the state evolves by the action of aunitary operator, |y(t)) = U(t)| w(0)), is
necessary in order that a normalised state evolves into another normalised state.
Reversing this reasoning, evolution according to Equ.(1.3.1) appearsto be inevitable. The

Schrddinger equation is thus a consequence of the probabilistic interpretation of the wave
vector.

The eigenvalues of H are the possible energy levels of the system, Ey, E, etc. Thus the

set of all energy levelsisthe spectrum of H (thus revealing the origin of this terminology
in atomic spectroscopy).

TheagenvaluesofUareexp{——E }exp{——E t,—t, }etc
If the system isin an eigenstate of H , say |Ei > , then the Schrddinger equation becomes,
ihﬁ|E.>= H|E)=E|E)
at | I | |
The solution to which is no longer merely ‘formal’ but is actually,

|W(t2)> = eXp{_ I% E (tz - t1)}|‘l’(t1)>
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Thus, states of well defined total energy, i.e. eigenstates of the Hamiltonian, are
stationary in the sense that they only change in time by a phase factor. They are
represented by the same ‘ray’ in Hilbert space (i.e. the same ‘direction’) at all times.

6. Functions of an Operator

A function f (Q) of an operator may be taken to be defined either viathe power series for
the function, e.g.,

exp(Q)E 1+ Q+%+%+

or by a spectral representation. The latter is when the operator is expanded in terms of the
projection operators defined by its eigenvectors, i.e, Q= q;|q;)(q; | (see above). In

this case it follows from the power series definition that,
f(Q)=X () a)ai|

This latter definition only appliesif the operator can be expressed in a diagonal form, as
per the spectral representation. The power seriesis the more general definition, but has
the disadvantage that it will generally not be easy to evaluate, except when Q is reduced
to diagonal form in which case it becomes the same as the spectral representation.

7. Different Pictures

The above description of the dynamics of a system uses the so-called Schrédinger
picture, in which the state, i.e. the vector in Hilbert space, is taken to be time dependent
but the operators representing the observables are time independent. Thisis the picture
which | have personally aways found the most natural. However, it is possible to adopt
different ‘pictures’. The Heisenberg picture attributes the time dependence to the
observables, whilst the state remains unchanged. The expectation values must be the
same, and so the two pictures are related by,

(w(®)|Qslw(t)) = <w(0)|exp{+ '% Ht}cbs exp{— IE Ht}|w(0)> = (y(0)|Q,.|w(0)

which shows that the time-dependent observable-operator in the Heisenberg picture must
be given in terms of the Schrodinger observable-operator by,

A i~ A [
Q, = exp{+ - Ht}QS exp{— - Ht}
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whilst the system state remains unchanged, |\|/(0)> , in the Heisenberg picture. The only
remaining question is how the dynamics is formulated. This must now be an equation
which specifies how QH changesin time. Actually thisis essentialy trivial in that the

above equation has already given us the solution to the correct dynamical equation. By
differentiating it wrt time, and assuming for simplicity that the operator in the

Q. .

Schrddinger picture has no time dependence, i.e. that the partial derivative e is zero,

then we easily derive the Heisenberg “equation of motion”,

where the square bracket is a commutator, i.e. lA, BJ = AB - BA . This brings out the

importance of non-commuting operators to the dynamics of a guantum system, afeature
which was not so readily apparent in the Schrodinger picture.

It also shows that any observable whose operator commutes with the Hamiltonian isa
constant of the motion. Thus, the commutator is the direct counterpart of the Poisson
bracket in classical Hamiltonian dynamics. Quantities which have zero Poisson bracket
are constants of the motion in classical mechanics.

There are other possible “pictures’. The picture habitually employed in the theory of
particle scattering, e.g. quantum field theory, is the ‘interaction picture’. Thisisahalf-
way house between the Schrédinger and Heisenberg pictures. The free-particle part of the
Hamiltonian is treated in the Heisenberg picture, whilst the interaction part of the
Hamiltonian is treated in the Schrodinger picture. The result is that the system state tracks
only the time dependence due to the interaction, which is the focus of attention in such
problems.

8. Whence Quantum Weirdness?

The origin of all quantum weirdnessis superposition, i.e. the fact that the sum of two
Hilbert states is another valid Hilbert state, together with the fact that such superpositions
can berealised in practice. The ‘wave’ like nature of quantum systems follows from
superposition. For example, ‘wave’ properties are generally manifest through
interference. Interference experiments usually involve splitting a beam into two parts, e.g.
by impingement on a double dlitted screen or by passing through a half-silvered mirror.
The two half-beams are then subject to different conditions, e.g. different path lengths or
different magnetic fields. Thisresultsin different quantum states being subject to
different phase factors. For example, suppose the incident beam was a superposition of

two quantum states, |1> + | 2) , and suppose that the differing conditions after the beam
splitting results in state 1 acquiring a phase factor € and state 2 acquiring a phase factor
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-€". Thefinal state after the two half beams have been recombined is the interference
State %(1+ e" }1) + % (1— e’ ) 2). Thus, if we imagine the phase angle 6 asincreasing as

we look consider points further up a screen, the state will oscillate between |1> and | 2) ,
producing an interference pattern.

On the other hand, measurements always produce discreet outcomes. The individual
electronsin an electron double-slit experiment always land at just one spot. Only when
the positions of many electrons are recorded on the screen does the interference pattern
emerge. Both particle and wave natures are manifest. The wave nature results from the
superposition of Hilbert states. The particle nature results from the eigenvalue structure
of measurements and the Born Rule (reduction of the wavepacket).

But the wave-particle duality is only the beginning of the quantum weirdness. Far more
weirdnessis yet to be revealed — but all of it isa consequence of the formulation aready
introduced above.
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