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Abstract: The hypothesis is made that the temperature and velocity fields in Rayleigh-
Bénard convection can be expressed as a superposition of the active modes with time-
dependent amplitudes, even in the chaotic regime. The maximum entropy production
principle is interpreted as a variational principle in which the amplitudes of the modes are
the variational degrees of freedom. For a given Rayleigh number, the maximum heat flow
for any set of amplitudes is sought, subject only to the constraints that the energy
equation be obeyed and the fluid be incompressible. The additional hypothesis is made
that all temporal correlations between modes are zero, so that only the mean-squared
amplitudes are optimising variables. The resulting maximal Nusselt number is close to
experimental determinations. The Nusselt number would appear to be simply related to
the number of active modes, in particular the number of distinct vertical modes. It is
significant that reasonable results are obtained for the optimised Nusselt number in that
the dynamics (the Navier-Stokes equation) is not used as a constraint. This suggests
grounds for optimism that the maximum entropy production principle, interpreted in this
variational manner, can provide a reasonable guide to the dynamic steady states of non-
equilibrium systems whose detailed dynamics are unknown.
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1. Introduction

The existence of general extremal principles in non-equilibrium thermodynamics is contentious. A
suggestion which has gained popularity in some quarters is that a non-equilibrium system in a
dynamic steady state will maximise its rate of entropy production. This is referred to as the Maximum
Entropy Production Principle (MEPP). There is no proof of this hypothesis in the general case, though
attempts in this direction have been made, notably by Dewar, [1, 2]. However, whilst a rigorous
mathematical proof from more basic physics may not be forthcoming, this does not necessarily
prevent the principle being of considerable utility in understanding highly complex systems, see for
example Bruers [3], Grinstein and Linsker [4], Dewar [5] and Virgo [6]. The generic situation when
modelling very complex systems is that some constraints may be secure, such as conservation of
energy, but formulating the dynamical equations in sufficient detail to make the model deterministic is
often problematical. Deterministic models of complex systems face a choice between including great
detail, in which case the model becomes forbiddingly complicated with many free parameters, or to
simplify, in which case there is a danger that the essential behaviour is lost. The role of MEPP is to
take the place of the detailed dynamics in such models. The argument is that, provided the essential
constraints are imposed, MEPP will provide a good account of the key behaviour of the system
without the need for a deterministic dynamical model, see for example Martyushev and Seleznev [7],
Martyushev [8], Meysman and Bruers [9], and Niven [10].

In this spirit, the lack of a rigorous physical proof has not prevented application of the principle to
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specific systems, especially in the fields of ecology, biology and planetary science. Indeed it was the
success of the model as applied to the Earth's atmosphere by Paltridge [11] which did much to
stimulate interest in MEPP. Since then, proponents of the hypothesis have pointed to its apparent
success in modelling the atmospheres not only of the Earth (Dyke and Kleidon [12]) but also of Titan
and Mars (Lorenz, Lunine and Withers [13]). Other apparently successful applications of MEPP have
been in rationalising transitions among multiple steady states of oceanic thermohaline circulation
(Shimokawa & Ozawa [14]), in the behaviour of the Earth's mantle (Lorenz [15]), and in biological
systems. The latter includes the claim that steady-state bacterial photosynthesis operates close to
maximum entropy production (Juretic and Zupanovic [16]) and also the claim that the molecular
motor ATP synthase has evolved in accordance with MEPP (Dewar, Juretic and Zupanovic [17]).
MEPP has also proved successful in fluid flow problems, Niven [18]. Nevertheless, MEPP has
remained suspect in the physics community due to lack of theoretical justification. Worse still, it is
unclear what exactly the principle asserts in the general case due to an element of choice in what
constraints are imposed and what variables are used to perform the optimisation.

In view of the absence of a general proof, the credibility of MEPP may be investigated using specific
systems whose true behaviour can be either computed or experimentally determined. A system which
has been used for this purpose by some authors is Rayleigh-Bénard convection (RBC). This involves a
horizontal enclosure of fluid of uniform depth which is heated from below resulting in heat transfer by
combined conduction and convection to its upper surface. For temperature gradients in a certain range,
this system produces stable convection patterns such as rolls or hexagonal cells. For larger temperature
gradients the fluid motion becomes increasingly chaotic and ultimately turbulent. The behaviour of
this system is complex enough for the predictions of MEPP to be non-trivial, whilst also being simple
enough to be amenable to both numerical analysis and experimental investigation. The idea is that a
successful performance of MEPP in this arena might add to the growing confidence in the principle
when applied to more complex systems. Conversely, poor performance would cast doubt on the
reliability of the principle. Unfortunately a consensus has not yet emerged as regards the veracity of
MEPP when applied to Rayleigh-Bénard systems.

In 1958 Malkus and Veronis [19] proposed the hypothesis that the selected Rayleigh-Bénard
convection mode was that with the greatest heat transport. Early doubt that this is so arose from
observations that selected modes tend to have wavelengths greater than the critical wavelength,
whereas the greatest heat transport is expected for shorter wavelengths, Koschmieder [20]. However,
in his analysis of RBC, Kita [21,22] concluded that, "the system is found to evolve from the heat-
conducting uniform state towards the convective roll state with monotonic increase of entropy on the
average. Thus, the principle of maximum entropy proposed for non-equilibrium steady states...... is
indeed obeyed in this prototype example." Similarly, Cafaro and Saluzzi [23] concluded that, "the
entropy production rate and the entropy flux increase when convection appears". These observations
are not terribly surprising since the onset of convection is easily seen to increase the heat flux, and, for
fixed temperature boundary conditions, this is virtually synonymous with an increased rate of entropy
production. However, more recently Weaver, Dyke and Oliver [24] have reported that a lattice
Boltzmann model implies that, "more efficient dissipative convection configurations are universally
more stable". For different system aspect ratios, different convection modes produce the greatest heat
flux. By slowly expanding or contracting the system width, Weaver et al [24] report that transitions to
the highest heat flux mode occur consistently. For boundary conditions approximating to applied fluid
temperatures this is equivalent to the selected mode being chosen according to MEPP. In apparent
contradiction to this, the analysis by Attard [25,26] results in the conclusion that, "the calculated
spontaneous conduction-convection transition yields a final state that does not correspond to an
extremity of the Nusselt number. The present results, as well as earlier results (Busse [27] and Busse
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and Whitehead [28]) show that the observed convective patterns following a spontaneous transition do
not correspond to either the maximum nor to the minimum heat flux. Hence the superficial conclusion
from these quantitative observations is that neither the maximum dissipation nor the minimum
dissipation yield the optimum non-equilibrium state." Attard concludes that the final state depends
upon the initial state, not just the state of greatest (or least) entropy production.

In short, the present position of MEPP in Rayleigh-Bénard convection is unclear. However, let us
suppose that the conclusion of Koschmieder [20] and Attard [25,26] is the right one and that MEPP
has apparently been discredited in this context. A proponent of MEPP might claim that the principle
has not yet been tested in the correct regime. Indeed, proponents of MEPP do consistently emphasise
that the principle will hold only for systems which are "sufficiently complex". But all the
investigations of RBC referred to above involve the sub-chaotic regime in which the system is either
static or in a stable convection-cell state, or transitions between two such states. This may not be the
most appropriate regime in which to investigate extremal principles in RBC. Rather extremal
principles may be more appropriate in the chaotic regime. By the same token, the failure of MEPP in
the chaotic regime would constitute a more robust refutation. Consequently in this paper we
investigate the principle in the chaotic regime (as well as the sub-chaotic regime). To do so it is first
necessary to identify the degrees of freedom with respect to which the extremal behaviour is
postulated. These are identified here with the time-dependent amplitudes of the marginally stable
modes out of which we hypothesise the fluid motion may be regarded as composed.

The paper is organised as follows. Section 2 makes reference to existing lines of investigation into
heat transport bounds in RBC and emphasises the very different objectives and methodology of this
paper. Section 3 summarises the fluid and energy equations in the Boussinesq approximation and
provides a reminder of the linear perturbation solutions for the marginally stable convective states.
Section 4 argues that, for our specific purposes, a sufficiently general fluid state can be represented as
a linear composition of these marginally stable 'modes' with time-dependent amplitudes. Section 5
formulates the variational principle to be deployed and introduces an equation which constrains the
amplitudes of the contributing modes as well as an equation for the Nusselt number in terms of these
amplitudes. Section 6 describes how the variational problem is solved numerically and presents the
results for the maximal Nusselt number obtained with the method. Section 7 is a reminder of the
solution for the Nusselt number for a single pure mode. Section 8 compares our calculated maximal
Nusselt numbers with experimental and numerical evaluations. Finally Section 9 discusses the
significance of the results.

2. Existing Bounding Approaches Contrasted with this Paper

Because of the difficulty of solving the equations of fluid flow and heat transport in RBC, many
workers have been motivated to derive upper bounds to the heat flow instead. This arguably started
with the work of Malkus and Veronis [19] and Howard [29] and a summary of the history of this
approach can be found in Worthing [30]. Recently improved rigorous upper bounds have been
provided by Otto and Seis [31] and Whitehead and Doering [32]. Since these analyses also seek upper
bounds to the heat transfer there is a danger of confusing them with the objective of the present paper.
The key difference is whether or not the dynamical (Navier-Stokes) equation is used. Analyses such as
[19,29-32] use the full equation set, including the Navier-Stokes equation, but derive upper bounds on
the heat transfer as an alternative to solving the equations directly.

In contrast, the present paper seeks to treat the RBC system in a manner analogous to those cases
where MEPP would be deployed "in earnest": that is, to systems for which the detailed dynamics is
prohibitively difficult to represent explicitly as equations. Consequently the novel aspect of the present
work is that the dynamical (Navier-Stokes) equation is deliberately not used. Instead it is replaced by
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MEPP. To be more precise, appeal to Navier-Stokes is confined to the form of the fields considered,
namely as an expansion in terms of the active marginally stable modes. But the amplitudes of each of
the modes in the expansion are free variables. The paper seeks to determine the maximum heat
transfer with respect to variations in these amplitudes, subject only to the constraint of energy
conservation and incompressibility. We wish to discover whether this maximum compares well with
true (experimental) rates of heat transfer. It is important to appreciate that, a priori, the maximum heat
transfer determined without imposing the dynamical Navier-Stokes constraint could be wildly wrong.
To anticipate, the fact that our results compare reasonably well with experimental data is a significant
finding in favour of the MEPP method.

It is emphasised that this paper does not seek to improve knowledge of the magnitude of heat transfer
in RBC. The purpose is to examine the performance of MEPP when the detailed dynamics are not
employed as a constraint.

3. The Marginally Stable States in Rayleigh-Bénard Convection

The equations of fluid dynamics are derived in standard texts and are summarised here for
completeness only. In common with most sources on Rayleigh-Bénard convection we shall work in
the Boussinesq approximation. This is the assumption that the material properties are temperature
independent except in the buoyancy term, where the temperature variation of the density drives the
buoyancy force and causes the convection. Also in common with usual practice, the viscous
dissipation term in the energy equation is neglected. The energy equation is thus,

(0, +u -V =xv°T (1)

where x is the thermal diffusivity, # the fluid velocity and 7 its temperature. The equation of motion
(Navier-Stokes) is,

(0, +7- Vi =—g[l+al(r, ~T)-LVP+ W )
o,

where « is the volumetric coefficient of thermal expansion of the fluid, p its average density, v its

kinematic viscosity, 7, the temperature of the bottom layer of fluid, and Z is the vertically upwards
unit vector. To equations (1) and (2) we add the requirement for incompressibility,
V-u=0 3)
Equations (1), (2) and (3) provide a complete specification of the dynamics of the fluid, given suitable
boundary conditions and initial conditions. The static solution, when heat flows by conduction only, is
u =0 and,
1 T, -T AT
T:Toz—(TB+TT)—ﬂZ where, ,B:M:— 4)
2 b b
and T, <T, is the temperature of the top layer of fluid and b is the vertical thickness of the fluid.

The origin of the z coordinate is on the mid-plane of the fluid.

That convection in horizontal layers of fluid, heated from below, gives rise to regular cellular patterns
appears to have first been noted in scientific writing by James Thomson [33]. The first quality
experimental investigations into this phenomenon were carried out by Bénard [34, 35]. The theoretical
explanation for what later became known as Rayleigh-Bénard convection was published by Lord
Rayleigh [36]. This is accomplished by considering the velocity, and the difference of the temperature
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field from the static solution, 7; =7 -1, to be small perturbations. This method of deriving the

marginally stable modes is treated in standard texts, e.g., Chandrasekhar [37]. For a steady state in
which time derivatives vanish this leads to the linearised equations,

Ty =0(z)f (x, y) (35)
u, =X(z)0, f (6)
u, = X(2)0, (7)
u, =a(z)f(x.y) (8)
02 +02)r =—k2r ©)

2
(af—szw=—kbf“w (10)
0=—" (02 _k2f 11
Otgk2 ( B ) @ ()

( 2 2R, 08
o —k ) X=20.0 (12)

14

where the Rayleigh number is defined in terms of the temperature gradient, 3, as follows,

4

R, =80 (13)
VK

We shall assume the fluid is confined to a rectangular region with sides x =0, x=L_, y=0 and

¥ =L, and that the fluid slips freely over these boundaries. Hence, on x=0 and x =L, the boundary

conditions are #,, =0 and 8§u x=0,andon y=0 and y=L, the boundary conditions are u, =0

2 _ . . ...
and 0ju, =0. The solutions to Equ.(9) obeying these boundary conditions are,

f(x,y)zcosanx~cosdpy (14)
where, anzﬂ, d, =PT and k2=aﬁ+a’f7 (15)
L, L,

and where n, p=0.,1,2,3.... can be any positive integers, or zero, except that » and p may not both be
zero. (The case n= p =0 is the static pure conduction solution with no convection). Actually the
boundary conditions on the vertical surfaces are rather unphysical in that a fluid contained by rigid
boundaries will develop shear stresses due to viscosity. Provided that the size of the container, L , L ,

is sufficiently large, however, we may expect the effect of these boundaries to be slight. The
assumption of stress-free vertical boundaries simplifies the analysis.

In contrast, the fluid is assumed to be confined between rigid plates at its top and bottom
surfaces,z=5b/2 and z=—b/2, and it is essential to model the effects of viscosity at these
boundaries if contact is to be made with experimental results obtained from such apparatus. The rigid
boundaries will cause all the velocity components to be zero on these surfaces. For an incompressible
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fluid the velocity boundary conditions on z =+b/2 are therefore ® =0 and 0. =0 . There are two

families of solutions to Equ.(10), either even or odd as functions of z , which may be written,
Even: w:cosqoz+Acoshqz+A*coshq*z (16)
Odd: w:sinqoz+Asinhqz+A*sinhq*z (17)

(These are written as dimensionless, it being understood that they will ultimately be multiplied by an

amplitude which will carry the units of velocity). Here ¢, and the complex quantity g =g, +ig, are

given by,
g0 kT =1 (18)
(1+r/2)+\/1+r+r2
q1 =k (19)
2
—(1+r/2)+\/1+r+r2
g, =k (20)
2
Y
where the quantity 7 is, T=|—=2 7 (21a)
(kb)
In order to respect the boundary conditions, the quantities ¢,,¢,,q, must obey,
+4/3q, Jsinhq, +\v/3q, — 1
(Even Solutions) (Ch \/_(]2 ) S g, (\/_ql 9> ) S9> _ g tande (22)
coshg, +cosq, 2
(Odd Solutions) ((]1 i x/ng )smh i (ﬁql — % )sm 7 _ 90 cotq—0 (23)
coshgq, —cosgq, 2

Equations (22) or (23) should be considered as constraining the possible values of 7, since all three of
q0-91-9, are specified explicitly in terms of 7 by (18-20) for a given horizontal wavenumber, & .On
the other hand 7 is also specified in terms of the Rayleigh number by (21a). Hence (16,17) are

solutions of (10) only when the Rayleigh number takes one of the discrete set of 'critical' values, R,

determined by (22) and (23). Consequently the quantity 7 is hereafter understood to be one of the

discrete set of values,
R, . (21b)
2' =
(kb)'

Equs.(16) or (17) then give the solution for the vertical component of velocity via (8). The horizontal
components of velocity follow from (6,7) noting that (11,12) imply that X = 8_/k”. Finally, the

solution for the temperature perturbation, 7, , is given in terms of the solution for @ by (11), giving,
(Even Solutions) 0(z)=cosq,z— A& coshgz— A" Ecoshq'z (24)

(Odd Solutions) 0(z)=sing,z— A& sinhgz— A" Esinh gz (25)
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where, ¢ =%(1 + i\/g), ie., 53 =-1 (26)
272
and, 0=Y"*5 27)
ag

The complex amplitude A is found from the boundary conditions ®=0,0.©# =0 and € =0 on the
top and bottom surfaces. A mode is unstable and will decay exponentially if the Rayleigh number is
less than its critical Rayleigh number, R . Moreover, these marginally stable solutions should in

theory be valid only when R, exceeds R, infinitesimally. However, in practice the corresponding
mode persists over a reasonable range of Rayleigh number, rendering them experimentally accessible.
For any given horizontal wavenumber, kb, there is an infinite family of solutions for 7, and hence
R_, for each of (22) and (23). These solutions may be labelled by a positive integer m =1,2,3... in
order of increasing critical Rayleigh number, R . For m =1, m =2 and m =3 the critical Rayleigh

numbers are plotted against the horizontal wavenumber, kb, in Figure 1 (even modes) and Figure 2

(odd modes), and similarly Figures 3 and 4 plot the first 31 modes. The minimum R, is 1707.762 and
occurs for even mode m =1 when kb =3.117. The minimum R_ for any odd mode is 17,610.55 and

occurs for m =1 when kb =5.3672. Any one of the marginally stable modes can be uniquely
identified by four indices: the three mode numbers, 7, p, m, plus the parity, i.e., whether an even or an

odd solution. The number of active modes (i.e., modes with R. < R ) increases rapidly with

increasing R, . It also increases with increasing aspect ratio L /b and L, /b.For R, = 10’ and a

square enclosure of aspect ratio 9 there are 5,360,202 active modes.
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Rc versus kb: First Three Even Solutions
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FIG. 1. The first 3 critical Rayleigh numbers for even modes plotted against horizontal wavenumber, kb

Rc versus kb: First Three Odd Solutions
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FIG. 2. The first 3 critical Rayleigh numbers for odd modes plotted against horizontal wavenumber, kb
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critical Rayleigh number, Rc
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FIG. 3. The first 31 critical Rayleigh numbers for even modes plotted against horizontal wavenumber, kb
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FIG. 4. The first 31 critical Rayleigh numbers for odd modes plotted against horizontal wavenumber, kb
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4. The Chaotic Regime

As the Rayleigh number is increased the qualitative nature of the fluid motions undergoes a sequence
of transitions. Static, pure conduction first gives way to stable 2D convection rolls when the lowest

critical Rayleigh number is exceeded, then to stable 3D convection cells. At larger R, these stable,

time-independent steady states give way to time-dependent chaotic flows of various sorts, and

ultimately to fully turbulent conditions at sufficiently high Rayleigh number. The magnitude of R, at
which these transitions occur is dependent upon Prandtl number (P, =v /), with larger Rayleigh
numbers being required to cause the transitions at larger P.. For water at around room temperature
(P. ~ 7)) chaotic motion occurs above a Rayleigh number of perhaps ~3x10* with turbulence above

perhaps ~10° (see Krishnamurti [38]). For P <1 (gases, liquid metals) chaotic and turbulent motion

may occur at much smaller Rayleigh numbers.

Because the solutions are chaotic for larger Rayleigh numbers, they have no closed form expression.
However, consider the following superposition of modal solutions.

- > a,9%,, X}, (2)sina,x-cosd ,y (28)
npmy
- >d, 0k, X}, (z)cosa,x sind ,y (29)
npmy
= > 0,0k, (z)cosa,x-cosd ,y (30)
npmy
T=Ty+T, @31
= > 07,00, (z)cosa,x-cosd,y (32)
npmy

In these expressions, 7, p,m are the mode numbers defined in Section 2, and y labels the even or
odd solutions. The sums in (28-32) extend over the active modes only. Writing the critical Rayleigh

numbers as R” ', the sums are therefore confined to modes with R* <R, .

npm ° npm
If the amplitudes Q7 were constants, and if YN}) were identified with 7|, the static solution given by
(4), then each term in the above sums would be one of the marginally stable modes. If the underlying
equations, (1), (2) and (3) were linear, then (28-32) would simply be the general solution obtained by
linear superposition. But, of course, equations, (1), (2) and (3) are not linear and (28-32) are to be

understood in a different way. Note that, if QQ7  were constants, (28-32) could not even be regarded

npm
as an approximate solution in general, because each term is valid only if the corresponding critical

is just slightly smaller than R, . But the values of R? = for the different

npm

Rayleigh number, R*

npm >
active modes may differ by many orders of magnitude (see Figures 1-4), so that this requirement
cannot be met for all active modes simultaneously.

The first refinement in the understanding of (28-32) is in regard to To . Let us introduce the notation
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<> : to mean averaging over the coordinate &, such as,

SR AL (33)
-4,
1+b/2
and, (). = [f-dz (34)
-b/2
1 LxL,V
and, (f)w =T [ [ f-dxdy (35)
X=y 00

Averaging will be combined in the obvious way, i.e., < f >xy: = << f >xy>

, etc. The term T,
<<f> z >xy 0
is simply identified with the average temperature over a horizontal plane,

I, =(1),, (36)
The term 7| is definedas 7, =T — <T >xy and hence has zero average over any horizontal plane, a

property clearly respected by the form of (32). Note, however, that T, o cannot be simply the linear

temperature gradient that prevails in the purely conducting solution, (4), because the heat flux in the
vertical direction is given by — K0.7 and the contribution of the term 7; to this averages to zero over

the horizontal plane, by definition. Hence the average heat flux due to conduction is simply

-K <827~"0> . Moreover, if this is evaluated on z =+b/2 this must equal the total heat flux through
xyt

the fluid since the vertical heat flux by convection must be zero at these boundaries. So if 7}, were

identified with T, this would imply that convection causes no increase in the heat flow — a clearly
incorrect conclusion. In fact we can write 7, =T, + T, and identify — K8.7, evaluated at z =+b/2
as the additional heat flux due to the occurrence of convection, and <T 5 >xyt must be non-zero at some z

values when convection occurs.

The second refinement in the understanding of (28-32) is that the amplitudes 27 = must be regarded

X
npm
as functions of time rather than constants. Note that as regards their spatial dependence, Equs.(28-32)
are essentially just a way of writing a rather general spatial function, akin to a Fourier expansion but

with the basis functions chosen to respect the required boundary conditions. Permitting the Q%  to be

npm
arbitrary functions of time therefore allows (28-32) to be understood as merely a convenient
representation of an "almost arbitrary" space-time function restricted only by the boundary conditions.
The reader will note that the flaw in this reasoning is that (28-32) involve only a finite set of spatial
basis functions, which cannot strictly be complete. Moreover, this basis set is smaller at smaller
Rayleigh numbers since only active modes are included. Hence, only wavelengths above and below
certain limits contribute to (28-32). As regards the horizontal modes, this will be justified post-hoc. It
will turn out that the optimisation of the heat flow will be accomplished by retaining only those modes

V4
npm

whose critical Rayleigh number is not too different from the minimum R’  for the relevant y,m .
Consequently even if each y,m in (28-32) were augmented with larger and smaller horizontal

wavenumbers, k , the amplitudes of these extra terms would ultimately be optimised to zero in any
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case. In contrast, the restriction of the representation (28-32) to embrace only the 'active' vertical
modes, i.e., y,m values, is an assumption which is significant in determining the optimised Nusselt

numbers. For now we let this stand as a declared physical hypothesis, its mathematical status being
unclear. However, we speculate upon a possible mathematical origin later (Section 8). Accepting for
now that the spatial dependencies of (28-32) are sufficiently general, the temporal dependence is
unquestionably so since it is arbitrary.

Chaotic motions are characterised by the absence of periodicity and hence retain time dependence
indefinitely. The "steady state" is then defined in terms of suitably time-averaged quantities, i.e.,

P 0
S(0),=0 and —{u?) =0 G7)

5. Formulation of the Extremal Problem Considered

The objective is to find the maximum heat flux which can be achieved with arbitrary amplitudes Q7

npm
subject to the constraint of the energy equation, (1), and the requirement that the fields be of the form
of (28-32). The Navier-Stokes equation, (2), is ignored, thus providing the freedom to vary the

amplitudes, Q7 . which would otherwise be determined by the dynamics. It is not immediately

npm >
obvious that the heat flux is even bounded under these conditions. That there is a finite upper bound
results from the convective derivative in the energy equation, (1). The energy equation together with
incompressibility can be used to derive an integral relation which explicitly constrains the magnitude
of the amplitudes in (28-32). This integral relation was first derived by Chandrasekhar [37] for the
case of strictly stationary states. However a similar relation can be derived for a stochastic, time-
averaged, chaotic steady state. In this case it becomes,

Bt +x(59°8) =Lt P) - L{er), F) G9)

wyz K z K

A most important fact is that (38), which is the cornerstone of the optimisation used herein, is quite
independent of the Navier-Stokes equation, i.e., it applies independently of the dynamics. This is so
important that the full derivation of (38) is presented in the Appendix. Note that the two terms on the
RHS differ only in respect of the order in which the square and the z -averaging are carried out. The
Nusselt number is shown in the Appendix to be given by,

) i

Nu EK—ﬁ:1+—<u,Tl>m (39)

where <J > o is the heat flux averaged over any horizontal plane and over time, and K = xCp is the

thermal conductivity of the fluid. Note that (38) and (39) involve only the vertical component of
velocity, u,, and the component 7, of the temperature field which has zero average over horizontal

planes. These are given by equations (30) and (32) respectively, the functions @ and € of the z
coordinate being given by (16,17) and (24-27) respectively. Substituting (30) and (32) into (38) or (39)
and carrying out the spatial integrals gives expressions which are mode-sums of time-averages of

products of the amplitudes, prm . It is convenient to absorb a factor of k7 into the amplitudes,

QF =k (40)

npm npm
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The functions o/, and Qém are orthogonal in the sense that,

< npmen/gm> _ﬂr)zi?mé‘llyé‘mm' (41)

which defines the quantities ,u,f;m . The functions of x,y in (30) and (32) are also orthogonal for
differing n or p . Exploiting these properties (39) becomes,

b2
Nu—1+— — | S1 (42)
R, \ 2x
where, Sl= Z <(prm)2> ,Ur},;m (43)
npmy t
Substitution of (30) and (32) gives the constraint equation (38) in the form,
2% Y
R, (b—zj (S1-52)=S53-54 (44)
where,
- ) R%
§2 = <(Qgpm) > i Izpm (45)
npmy t a
or Or _OZ T v i 7
S3= z z z z < npm npm' Qﬁﬁﬁgﬁﬁrﬁ'>t <wnpm anm'a)npm Hﬁﬁfri'> (46)
npmy m'y Apiy w7’ i
v) ,
S4= z Z <( ”Pm) (Qi)fpm ) > ﬂ’/;i’?mﬂf’p'm' (47)
npmy n'p'm'y’' t

where the Rayleigh number, R, is defined by (13) and the critical Rayleigh numbers, R

npm >
derived for each mode in the manner described in Section 2 and plotted in Figures 1-4. In (46) the
different 7 terms relate to different modes as follows: 7 — npmy ; t' —>npm'y'; T — npmy;
7' —npm'y' . We can now see how (44) constrains the magnitude of the amplitudes (and hence

ensures a finite upper bound for the heat flux) since its LHS is quadratic in the amplitudes whereas its
RHS is quartic.

Our task is to find the maximum of (42) with respect to variations in the amplitudes, Q* subject to

npm °
the constraint (44), where S1,52,53,S54 are given in terms of the amplitudes by (43,45-47).

However, the question of correlations between amplitudes of different modes now arises because (46)
and (47) depend upon time averages of products of amplitudes of different modes. It can be shown that
if we assume complete freedom to contrive these correlations to maximise the Nusselt number then the
result is wildly too large compared with experimental values. However we shall assume no correlation
between modes. For example, this means that,

(61 @5 )) = (@3] ) (B2F) @)

The optimisation problem can now be formulated entirely in terms of the mean-squared amplitudes,
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<(Ql )Z> . This optimisation problem can be more succinctly expressed in matrix notation. Define a
!

npm

vector of mean-squared amplitudes by,

{2,

where the vector index corresponds to the mode number in some specified sequence. Similarly
defining the vectors,

_ — R*
H=pp,  and h=p,\1-—F (50)
the Nusselt number becomes, by re-writing (42,43),
Nu=1+H-f (51)

whilst the constraint equation (44) becomes, using (43,45-47),
h-f=f"(M)f (52)

where the matrix (M ) follows from (46), having components,

~\ 2
7 T
x Z X X npiiy z my
(M ) [<wnpm enpm wnpm anm > —H npm H npim }) npmy + ( r j <(wnpm enpm )2 > <>m ¥4 5nn 5pp

(53)
+ <a)npm Hnim a)npm engm > OZZ 5nn 5pp + |:<(a)npm Hnim )2 > ) - (/u;;;m ) i|5nn 5pp 5}71177 5;0[
Here we have introduced the symbol,
o =li-3570:..) (54)

which is 1 unless all of abc... are equal to the corresponding xyz..., in which case it is zero.

Hence our variational problem is to maximise Nu , given by (51), with respect to variations in ]_‘

subject to the constraint given by (52), and where H.h,M are defined in terms of the marginally
stable modes by (50) and (53).

A limitation is immediately apparent. Because we are ignoring the dynamics, equation (2), there is no
place for the Prandtl number to enter the above extremal problem: equations (50-53) are independent

of P.. Since experimental evaluations of Nu do depend upon P, there will be an ambiguity regarding

which experimental values of Nu are most relevant to compare.

6. Numerical Optimisation

The obvious procedure is to set the derivatives of 1+ H - ]_” + /1(71 . ]_’ - ]_” ! (M ) ]_’ ) to zero, where A4 is
a Lagrange multiplier. This results in a simple linear equation for f in terms of A, and the latter is
then found by imposing (52). But this approach fails because many of the resulting components of f

are negative, an unphysical outcome because the components of ]_‘ are intended to be mean-squared

Page 14 of 30



MEPP in Chaotic Rayleigh-Bénard Convection

amplitudes. The required optimum must enforce all components of J} to be positive or zero. The

outcome of the naive approach suggests that some of the optimised amplitudes will in fact be zero.

The method of steepest ascents was adopted for the optimisation. A maximum of Nu was sought

along a line in the direction of the gradient, va of Nuin f space. If points explored along this

uo
line had negative values for some components of f* these were replaced by zero. When the line-
maximum had been found, the gradient was then re-calculated and the process repeated until further
increases in Nu became negligible. Both the gradient and the value of Nu were calculated subject to
the constraint of remaining on the surface in f space defined by the constraint equation (52). Such
non-linear optimisation techniques are not guaranteed to identify the global maximum. However the
fact that the present problem is only quadratic gives some confidence that the global maximum will be
found in this case. In fact the process proved robust; widely differing starting amplitudes (i.e.,
positions in f* space) converging to the same optimised Nu . Starting with all components of f

equal was sufficient.

An example of the optimised squared-amplitudes obtained for R, = 10°, L,=L,=6b,isshown in

Figure 5. The unique mode number used as the abscissa in Figure 5 is defined by listing the active
npmy sequentially, increasing the left-most first. Hence each of the spikes in Figure 5 gives the

squared-amplitudes for the range of 7 values for a given fixed pmy . The three separate groups of

spikes correspond to: even modes with m =1, even modes with m =2, and odd modes with m =1
respectively (there are no modes with higher m in this case). The individual spikes within any group
correspond to different p values.

Figure 5 is typical of the results at other Raleigh numbers and aspect ratios. Most amplitudes are
optimised to zero. For a given my , the optimisation process tends to leave non-zero amplitudes only

for modes with critical Rayleigh numbers close to the minimum for that my . This is easy to

understand from (52) which will lead to the greatest amplitudes for large h . Butin (50) the factor of
1-R% /R, will favour modes with R

npm

,f;m << R, if'the objective is to maximise Nu . This results in

X
npm

np values giving large R” = being optimised to zero amplitudes, causing the spikes in Figure 5.

Within any group of spikes, i.e., for a given m , the height of the spikes tends to be equal. This is

partly because the spikes correspond to different p values and the same, or almost the same, &, and

hence R ’fy

npm 2

can be made from a variety of np pairs. However it is also due in part to the fact that the
z-integral factors in (41) and (53) are found (by numerical integration) to vary relatively little between
modes. Consequently, modes within a sub-set of modes with the same my and which have close to
the minimum critical Rayleigh number are virtually degenerate in the sense that they contribute

equally to Nu . It would matter little if some of these modes were omitted from the optimisation, so
long as a few such modes are retained for each my . The amplitudes of the retained modes merely

increase as other modes are dropped, leaving Nu virtually unchanged. It was demonstrated explicitly
in the numerical investigations that the optimised Nu is insensitive to the number of modes which are
retained for each my , providing there are a few modes for every active my .

However, the factor of (‘T’ / 7)2 in the second term of (53) varies substantially when the my and my

modes are different. Consequently, each my makes a different contribution to the Nusselt number,
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and hence there is a group of different, non-zero amplitudes for each my . Each my group favours

those np with R” = values close to the minimum for that my . Whilst the favoured modes with the

x
npm
same my are degenerate as regards their contribution to Nu , modes with different my provide

independent contributions to Nu with differing optimised magnitudes, as illustrated by Figure 5.

x 10
4.5

3.5¢ .

2.5¢ .

1.5} .

ML (11 \

0 |
0 200 400 600 800 1000 1200 1400 1600 1800 2000

FIG. 5. Tllustration of the optimised mean-squared amplitudes when all modes are retained in the optimisation
(R,=10°, L = Ly = 6b ). The amplitudes plotted are <(ijm )2> - <(fy )2> /(kf)z. The x-axis is the mode
t t

npm

number (defined in the text), there being 1950 contributing modes.

The insensitivity of the optimised Nu to the number of modes retained for each my is rather
fortunate since otherwise the optimisation problem would have been prohibitively computationally

heavy for large R,. The complete set of modes was retained for R, up to 10°. But it was found that
for R, =10" and L = L, =6b the optimised Nusselt number obtained by retaining all 1950 modes
differed negligibly from that obtained using just three modes, i.e., one for each different my . For a
Rayleigh number of 10° and L = Ly =9p there are 5,360,202 active modes. Had all these modes

been retained the optimisation would have been most problematical. However, using just 204 modes,
six per my , gives a very reasonable result, and Nu is essentially converged using just 884 modes (26

per my ). With this number of degrees of freedom the optimisation is computationally light.

Note that all the retained modes had R” close to the minimum for the given pmy . Retaining (say)

npm

11 modes per my meant choosing arbitrarily 11 p values, the n value of the retained mode being
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that which minimised R,fym for that pmy . The crucial feature is that all active my be represented.

x
m

Denoting by N7 the number of active my values, retaining & different p values means using SN
modes in all to carry out the optimisation. Values of £ from 1 to 41 were used to demonstrate
convergence. Most results were obtained for L, = L = 6b, because this was anticipated to be

sufficiently large an aspect ratio to differ negligibly from the infinite case. To demonstrate this,

L =L, = 9b was also used and shown to result in no significant difference as regards the optimised

Nu .

Figure 6 plots the total number of active modes, N , versus R, ; Figure 7 plots our optimised Nusselt

number, Nu , against R ; Figure 8 plots Nu against N ; Figure 9 plots Nu against the number of

x.
m

active my , N7 ; and finally Figure 10 plots Nu against the average number of active n values

(which equals the average number of active p values), defined by N, =N, =,/ N/N; . These five
graphs reveal the following consistent set of power-law dependencies in the chaotic regime (for

roughly R >10° ) for the maximised Nusselt number,

Noc R Nuoc RO Nuoc N**  Nux N7 (55)

m
7 0.25 0.25
N7 o R N, « R’ Nuoc N,

In particular, our maximised Nusselt number is roughly equal to the number of different my which

are active, N7 . These predictions are compared with experimental data in Section 7.

m
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FIG. 6. Total Number of Active Modes, N , versus R, (L, =L, =6b)
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FIG. 7. Optimised Nusselt number, Nu , versus R,
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100

Nu

10

1 T T T T T T
1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07

FIG. 8. Optimised Nu versus the Number of Active Modes N (L, =L = 6b)
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FIG. 9. Optimised Nu versus the Number of Active my Values, N/ ; Dashed line is line of equality:
Nu=N}
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45
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FIG.10. Optimised Nu versus the Average Number of Active # modes, N, =y N/N7 (L =L, =6b)

m

7. The Nusselt Number for a Single Mode

For a single mode, i.e., in the pre-chaotic phase, there is no optimisation to be done and a deterministic
answer for Nu results. The first three terms in (53) are zero and, introducing the shorthand

0 = <(wn§)mé7§m )2> _(51)and (52) give,

X
1— npm

R
Nu=1+ ———— (56)

Mo -
(141,

In practice, in the single-mode regime the modes with critical Rayleigh number close to the minimum

will be favoured, i.e., the m =1 even modes with R” close to 1708. Numerical evaluation of the

npm

integrals then shows that (56) reduces to,

Nu~1 +1.445(1 —lzﬂj (57)

a

The optimised multi-mode Nu turns out to be identical to the single-mode Nu given by (57) whilst
there is only one my active (i.e., the m =1 even modes). However, the multi-mode optimised Nu
exceeds (57) once the threshold of the odd modes is passed, i.e., for R, >17,611. The greatest single-

mode, stable convection cell Nusselt number is thus 2.305.
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8. Comparison with Experimental and Numerical Nusselt Number Evaluations

Comparison of the maximised Nusselt numbers obtained here with experimental and numerical
evaluations in the literature will be frustrated in part by the absence of a Prandtl number dependence in

the present work. The broad feature of experimental determinations of the P, dependence of the heat
transfer is that, for a given R, , the Nusselt number has a maximum at roughly a Prandtl number of
between 1 and 10. For smaller or larger Prandtl numbers, Nu reduces at fixed R,. However the
Prandtl number sensitivity of the heat transfer, whilst significant, is not dramatic. Values P. <<1 or
P >>1 are required to achieve a substantial reduction in Nu . Most room-temperature liquids have
P >1, with values P, >>1 being easily achievable by using viscous liquids. Gases tend to have
0.67 < P. <1, whilst liquid helium typically has Prandtl numbers in the range 0.5 < P, <0.7 .
Achieving very small Prandtl numbers, P, <<1, requires the use of liquid metals, generally mercury

or liquid sodium, where P. is driven to low values by their high conductivity.

I

2.1
Pr > 0.5, Small Ra

19 -

1.7 -
315

A ¢ Silveston
1.3 * —=— This Work
o —a— Conductive Only
1.1 f’.
Ra
09 T T T T T
1000 1500 2000 2500 3000 3500 4000

FIG. 11. Predicted and Experimental Nusselt Number Versus Rayleigh Number for Small R, when Convection

is in a Single Pure Mode (non-chaotic)

Figure 11 plots Nu against R, in the small R, regime when convection is in a pure mode with

minimum critical Rayleigh number. The prediction, (57), is compared with the classic experimental
results of Silveston [39], as quoted by Chandrasekhar [37], for a range of liquids (water, silicone oil,

ethylene glycol and heptane, with P between 4 and 200). It is well known, of course, that the theory
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for a single pure mode provides a good representation of the experimental data for sufficiently small
R,. What is new here is that if all active modes are permitted and Nu is maximised (subject to no
correlations) then no increase in Nu results. Our optimised Nu values are identical to the pure-mode
value given by (57) until R, exceeds 17,611 when the first odd mode becomes active. This is a non-
trivial observation: the hypothesis of maximal Nu does not undermine the agreement with

experimental results in the very small R, regime.

It is tempting to identify the activation of the lowest odd mode at R, >17,611 with the potential for

chaotic behaviour to arise. If so, this would be something of a triumph for MEPP since this is the
Rayleigh number at which maximising the heat flux implies a switch to a mixture of uncorrelated
modes.

Figure 12 plots our maximised Nu against R in the chaotic regime up to R, =10’ in comparison

with a range of experimental evaluations for Prandtl numbers P, > 0.5. These involve a range of

room-temperature liquids as well as data for air, helium and liquid helium obtained from Silveston
[39], Mull & Reiher [40], Turner [41], Julien et al [42], Rossby [43], Chavanne et al [44],
Funfschilling et al [45] and a curve fitted to a range of experimental data in Kreith et al [46]. Other
sources of experimental data could be added but these are sufficiently representative. In Figure 12 the
experimental data has been replaced by an approximate trend line in most cases, to aid the comparison.
The data of Silveston and of Mull and Reiher was taken from Chandrasekhar [37] and has been
represented by approximate upper and lower bounds (UB and LLB). A limitation of the comparison is
that the experimental data of Figure 12 was obtained using a range of different aspect ratios, some
quite small and hence not strictly comparable with the large aspect ratio of our calculations. However,
aspect ratio dependence is believed to be relatively modest (Ahlers et al [47]).

Figure 12 shows how the experimental Nu departs from the single-mode curve at around R, ~10*

or just before. Our maximised Nu departs from the pure-mode curve when R, >17,611, when the
first odd mode becomes active. A step in the curve of maximised Nu is evident at this point, Figure
12. There is a subsequent step at R, =75,730 when the first m =2 (even) mode becomes active.
Remarkably, the maximised Nu provides a good representation of the lower lying experimental data

upto R, ~10°. Thereafter the maximised Nu starts to diverge from the experimental data. This is
because the trend of the maximised Nusselt number is Nu oc Rg'zs , see (55) and Figure 7, whereas the
experimental data for P, > 0.5 commonly shows Nu oc R/ with an exponent of at least ¥ ~2/7 , and

possibly y ~1/3, even perhaps increasing to y #1/2 in the "ultimate" regime of extremely large R,

well beyond that plotted in Figure 12 (see the reviews of Ahlers et al [47] and Manneville [48]).

However, the trend Nu oc Rg.zs has theoretical precedent. For example, Ahlers et al [47] identify four

regimes of behaviour according to whether boundary or bulk contributions to dissipation dominate. In
the case that the boundary, including plume effects, dominates over the bulk as regards both kinetic

energy and thermal dissipation rates, the arguments of Grossmann and Lohse [49] imply Nu o Rf'zs .

The same theory predicts the maximum behaviour of Nu as a function of P, at fixed R,. In

1
particular Grossmann and Lohse [49] theory predicts Nu to reduce as Nu oc P? as P, is reduced in
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the regime P, <1. Data for P, <<1 is not as extensive as for P, >0.5. However, Figure 13 plots
Nu data obtained using mercury by Cioni et al [50] and using liquid sodium by Horanyi et al [51],
together with the results of numerical solutions by Verzicco and Camussi [52] and Kerr and Herring
[53]. The results shown in Figure 13 relate to either R, =6x10° or R, =10" and our corresponding

1
maximised Nu are plotted for comparison. Nu does appear to reduce roughly as Nu oc P¥. Our

maximised results lie within the range of the experimental and computational data, but cannot
reproduce the P. dependence.

100
Pr > 0.5, Larger Ra
This Work
---- Single Mode
¢ Silveston
=] —>— Silveston and Mull and Reiher LB
e - %= - Silveston and Mull and Reiher UB
—=— Turner
—&— Rossby and Julien et al
Chavanne et al
Kreith et al
Funfschilling et al
10
1 T T T T T
1.E+03 1.E+04 1.E+05 1.E+06 1.E+07 1.E+08 1.E+09

FIG. 12. Comparison of the Maximised Nusselt Numbers with Experimental Values and Extending into the
Chaotic and Turbulent Regimes (experimental data for P. >0.5)
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FIG. 13. Maximised Nu Compared With Experimental (Liquid Metal) and Numerical Results Obtained for
P <<1

9. Discussion and Conclusions

The agreement between the maximised Nusselt numbers derived here and the experimental and
numerical results in the literature, as shown in Figures 12 and 13, is reasonably good, given that this is
inevitably limited by the absence of a Prandtl number dependence in the former. That the maximised
Nu should be even crudely of the right order of magnitude is not immediately obvious. Indeed the
wildly excessive maximised Nusselt number which can result by contriving correlations between
modes emphasises the non-trivial nature of the result when correlations are assumed to be zero. Recall
that these results have been obtained without any appeal to the dynamics (the Navier-Stokes equation),
except through the marginally stable modes and their critical Rayleigh numbers.

An unlooked-for outcome of the present work is that, if MEPP is indicative, the Nusselt number is
simply related to the mode statistics, either the total number of active modes (Figure 8), or the number
of distinct active vertical mode my values (Figure 9), or the average number of active horizontal

modes (Figure 10), these being expressed by Nu oc N Nu~ N % and Nuoc N, respectively. The
most surprising is the (admittedly crude) approximate equality of the Nusselt number and the number

of distinct active vertical mode my values, Nu~ N . But this is limited to modest Rayleigh numbers

for which Nu oc R** does not depart too much from reality.

Two reactions to these results are possible. The first is that the reasonable results obtained by
maximising Nu are just fluke and have no fundamental significance. The second is that there is
indeed a fundamental basis for variational principles of this kind. Discrimination between these two
possibilities will require the performance of MEPP to be assessed across a number of different
problems. The present results suggest that there are reasons to be optimistic that MEPP does provide a
reasonable, if approximate, guide to the dynamic steady states of non-equilibrium systems.
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Appendix: Derivation of Equ.(38)

The derivation requires (1) and (3) but not (2). In the steady state (8 e >t =0 and so (1) gives,
. _ 2 _ 52
(u-VT) =x(V’T) =V(T), (A1)

where we have appealed to the spatial derivative commuting with the time integral. Taking the x,y
average of (A1) gives,

(w-vr)  =x(VX(T),) (A2)

xy

Alternatively we may retain the time dependence by taking the x,y average of (1) to give,

((ﬁ : ?T}W +o,T, )= x(V°T) (A3)

Xy

Consider the first term on the RHS of (A3),

oir),, =(2i),, :<L—1Lgazn -dx> o
y

LX
. > =0 (A4)
y

Where we have used the fact that the conductive heat flux in the x direction J, oc 0,7 =0, has to be

zero on the x-boundaries, x =0 and x =L, . In the same way,
2
<8yT>xy -0 (A5)
In the last term on the RHS of (A3) we have,
2 2
(o2n) =e(n), =0 (A6)
Hence, <63T> =<8_%T;)> =6_%]N“0 (A7)
xy Xy

This is the only surviving term on the RHS of (A3). If we had considered (A2) instead it would simply
be the time-average of this, i.e., 63 <]N“ 0 >t . Now consider the LHS of (A3). Integrating the first term by

parts gives,
1% 1 0
(w.0,T), =(no.T), =<L— ! u.0.T, .dx> =L—<(ule)g« _ _([ T,0.u, .dx>
y y (A8)
1 L, 1 L.L,
= —L—x<_([T18xux -dx> = —EHT@X% - dxdy
y

where we have used #, =0 on x=0 and x =L, . Using the corresponding result for <u 30,7 > and
Xy

adding the two gives,
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L.L,
(0T +u,0,T) = IL [ [7(0,u, +0,u,)- dxdy
xX=y 00 (A9)
| Lk
=LxLy HTla__u: -dxdyz(Tlé’_.u_.)W

where we have used 0 ,u; =0 due to incompressibility. Hence we find,
<ujajT>xy =<ux8xT+uy8yT>xy #(u0.7)  =(o.u.)  +(u.0.1)  +(u.0.T;)

4 (A10)
“o.(uw.Ty),,

where we have used <u:8__f 0 >xy =0.7, 0 (u__ >xy =0, which appeals to the average velocity over a

horizontal plane being zero in the steady state (because there can be no net flux of mass across such a
plane and the density is constant). Hence with (A7) and (A10), (A3) becomes,

~ .
8:<u_.Tl>xy +0,Ty =x02T, (A1)
Since <6 ,]N"O> = 0 in steady state, the time-average of (A11) gives,
1

0.(u.Ty),,, =K5_%<To>t (A12)

(A11) and (A12) are exact, and not dependent upon any approximations other than the Boussinesq
approximation. They have been derived assuming the energy equation and incompressibility only.
Integrating (A12) twice and using the boundary values of temperature on the two surfaces we get,

- z b/2 1
«(Ty (z)>t ~KTy+ bj/ <2u:Tl I {KAT . bj/ <2u:T1>txy dz}(% + Ej (A13)

where AT =Ty —T7 . Recall that the boundary values of the temperature terms are 7, =T,
I,=T7,=0, fo =Tgonz=-b/2and Ty =T, Ty =17, =0, ]~“0 =T, on z=b/2.(A13) obeys these

boundary conditions. Note carefully the limits of the integrals in (A13). The notation on the LHS
emphasises its z-dependence. Differentiating it gives,

K5:<TO>I =(u.1y),, —*B—(u.Ty)

where f=AT /b .Evaluating (A14) on z=+b/2 the first term on the RHS is zero and the LHS,
when averaged over the x,y plane, is the average heat flux (modulo Cp ). Hence (A14) gives equ.(39)

- (Al4)

for the Nusselt number. We shall also need 8:]~“ o prior to time-averaging. Integrating (A11) twice and

using the boundary values of temperature on the two surfaces we get,

z b/2
KTy =xTy + [{(u.T;) dz—{KAT + [{u.1;) dz}(5+lj+G(z,t) (A17)
-b/2 v —b/2 el b 2

z b/2
where, Glz.)= [ |[o,T)-d= z—(£+ljj [o,T,-dz gz (A18)
-b/2 b 2 -b/2
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Differentiating (A17) with respect to z gives,
x0T, =(u.1y),, ~xB—~(u.T;), . + F(z,1) (A19)
where,
F(z,1)=0.G(z,1) (A20)

Since (G(z.1)), =0 and (F(z,1)), =0, (A17) and (A19) reduce to (A13) and (A14) when the time

average is taken. We wish to find an expression in 7; and u. only. To do so first multiply the energy

equation, (1), by 7; and average over X, ),z and use <T18 T )txy =0 to give,
(10,1 +u.10.T,)  =(x102T + &1, V°T;) (A23)
xyz Ixyz
The first term on the LHS is zero because,
L.Ly b2 | Llyb/2 , 1 o(~\2
{1 [umon-aaae=2[ [ [o,[0)u,] dvaaz=L§(F P, -as, =0 (A24)
0 0-5/2 2700612 2

where we have appealed to the divergence theorem, and incompressibility,d ;u ; =0, and the fact that
the normal component of flow at the boundaries is zero. The first term on the RHS of (A23) is also
zero since <T18370> = 83%(]}) =0. Hence (A23) reduces to,

xy xy

(u.1;0.7, ) =<<u:T1>xyaj0> = (1,v°1;) (A25)

Ixyz 1= xyz

Now substitute for 8:% from (A19) to give,

<<u_-T1>W[<u;T1>W —kf-(u.T;), . + F(zx)]}t =0V (A26)

Time averaging results in <<”:Tl>xy F (z, t)> =0, hence re-arranging (A26) to put the quadratic terms
t

on the LHS and the quartic terms on the RHS gives,
Blu.1y),,. +<(TVT;) :l<(<u T) )2> —l<(<u T) )2> (A27)
zf1 xyz 1 1 tryz P z41 xy - P z41 Xz ;

which is equ.(38), as was to be proved. It reduces to Chandrasekhar [37] Appendix [, Equ.(19), in the
case of a strict steady state when there are no time dependencies. However (A27) also applies in the
chaotic average “steady state”, the time variations due to fluctuations having implications in (A27) due
to the time-averaging indicated.
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