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Abstract. Hyperbolic dispersion relations are used 
to examine elastic K N  and K N  amplitudes in the 
resonance region, and to extrapolate them to the 
annihilation channel. By evaluating the relations on 
a set of paths interior to the elastic channel physical 
regions, a spin separation of t-channel contributions 
is effected, and resonance couplings deduced. The 
results show clear evidence for effects attributable to 
exchanges with J < 3, several of which have not 
previously been isolated. The special problems 
associated with the isoscalar S-wave states are 
discussed, and an estimate made of the e - S* mixing 
angle. 

I. Introduction 

Dispersion relations, by imposing general constraints 
from analyticity and crossing symmetry, have been 
powerful tools for the phenomenological analysis 
of data on two-body processes, both in the resonance 
region [ 1], and at intermediate energies [2]. However, 
most dispersion relations have drawbacks in practice. 
For example, in partial-wave relations large regions 
of the left-hand cuts are usually unknown, and in 
fixed-t relations substantial extrapolations outside 
the physical region are required. Such problems are 
largely absent in dispersion relations where the 
integrations are performed along hyperbolas in the 
Mandelstam plane, chosen to avoid passing through 
double spectral regions. Moreover, by varying the 
hyperbola parameter, a simple spin separation of 
t-channel amplitudes is effected, which is difficult 
to achieve by other means (e.g. by using backward 
dispersion relations). 
Hyperbolic dispersion relations have been used to 
study t-channel couplings in rcN scattering [3,4], 
and have produced new values for the couplings of 
mesons with J ____ 3, as well as interesting evidence 
for states with J = 4 and 5 close to the N N  threshold. 
In this paper we apply similar techniques to the 
kaon-nucleon system. 

This system has a number of additional complica- 
tions. For example, G-parity provides no restric- 
tions on the t-channel, and amplitudes for both 
strangeness S = + 1 ( K N )  and - 1 (K~ r) channels 
are n.eeded as input, both of which are subject to more 
uncertainties than the corresponding rcN ones. We 
have therefore to examine the mutual compatibility 
of different possible sets of input data before extra- 
polating a consistent set to the t-channel to obtain 
resonance couplings. The results show clear evidence 
for effects attributable to states with J =< 3, several of 
which have not previously been isolated. The isoscalar 
S-wave is particularly interesting and leads to 
couplings which, together with decay information, 
enable the e -  S* mixing angle to be estimated. 

2. Formalism 

2.1. Kinematics and Amplitudes 

We work with the usual K N (s-channel) invariant 
amplitudes [5] A t and B z for isospin I = 0 and 1, 
and in addition the amplitude 

C-= - � 8 8  

where p2 = (t/4 - M 2); v - (s - u); M is the nucleon 
mass; and s, t and u are the usual Mandelstam 
invariants. Amplitudes for /~N scattering (u-channel) 
are denoted by ~i,/~i and (~i. Useful isospin com- 
binations are 

A + - �88 1 + A ~  -=�88 - A ~  

and similarly for B, A etc. Under s ~-~ u crossing 

A+-(v,t) ~ +_ 7t+-( - v,t),U+-(v,t) --+ -T- B+-(-  v,t). 

Amplitudes with definite su crossing symmetry are 
defined by 

F ~ - C +  +__ C+,F~ - C - - T - C - ,  

F~ -- B + ~ B+,F~ =- B -  ++_B- 

These have the following t-channel partial-wave 
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expansions: 

F~,2(t,z ) = 2n~ . (2J  + 1)(pq)Spj(z) 
J 

�9 [1 _-4-(- 1)J]h~~ (2.1) 

2n ~ ( 2 J + l )  ( ,J-1 F~,4(t,z)= ~ . ~  pq) P'j(z) 

�9 [1 T ( -  1)S]h~~ 

where q 2 =  ( t /4 -  m2); m is the kaon mass; z is the 
cosine of the t-channel scattering angle; and hS+ a) is the 
t-channel (taken to be K K ~ N N )  parfi-al-wave 
helicity ( _+ ) amplitude for t-channel isospin I - 0, 1. 
For  example, the p-meson contributes to F2  and F 2. 

2.2. Hyperbolic Dispersion Relations 

Dispersion relations may be written for any crossing 
symmetric amplitude along hyperbolas 

(s - a)(u - a) = b 

in the Mandelstam plane [6]. In our case we choose 

b = [ (M + m) 2 - a] [ (M - m) 2 - a],  

so that all paths pass through the K N  threshold 
s=(M+ m)2, t = 0, and lie interior to the elastic 
channel physical regions, leaving a as the hyperbola 
parameter. Other paths are possible [4], but all 
have the disadvantage of involving unphysical values 
of the s and u-channel scattering angles, which causes 
an undesirable enhancement at low energies of 
poorly known higher partial waves. 
For  the amplitudes F~, the unsubtracted dispersion 
relations take the form 

N oo + t t "] 
v - fF i - { t , s  (a, t ' )}t  dt' 

F+{s,t(a,s)} = P +  + - -  j I m {  -.7~ t' 
n 4U2 [ V - -  t 

l c 0  ! + t 
+ - [ Im F? {s', t'(a, s')} {s, s, a}- ds, (2.2) 

7~ 

where P+ is the contribution of pole terms; T =  
(Ma + #)2 is the lowest u-channel threshold; 
# -- m~ ;N = 0 (1) for F + (FT); 

I 1 1 lj (2.3) 
{s"s'a}+=-- s-;~--s + s' S t - -  ~ L  - - a  ' 

and 

{ s ' , s , a } - -  s ' -  s s ' - u  " (2.4) 

In the kaon-nucleon case the single-particle terms 
P+ are due to the A and Z poles. These Born terms 
are given by 

e+- = + ZC1 2(Y)prG2{MZ,s,a} +- 1 , 2  - -  , 
Y 

and 

P3,4 +- = T ~C3,4(Y)G~{MZ,s,a} +- 
Y 
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where the sum is over Y = A,27;Gr is the usual 
pseudoscalar KNY coupling constant; 

Pr =- PZ(MY - M) + Mvr/4; 

and the coefficients are given by 

c l  (A) = C2(A) = C3 (A) = C4(Z) = - C2 (~) 

= - C 4 ( A ) =  ~ C ~ ( Z ) =  C3(Z) - 3 5,  - - ~ "  

Subscripted quantities are evaluated on the relevant 
hyperbola at s = M 2, and are thus functions of a .  
In practice the below-threshold 27* state P13 (1385) 
is also treated in the narrow-width approximation, 
and so additional contributions which must be 
added to (2.2) are: 

D1,2 P z ,  Gs* {Mz*, s, P~,2 (27") -- -4- 2 2 a}_+, 

P~,4 (X*) -- -T- D3,4(fl 1 + fi2 t*)G2, {Mz2,, s, a} +, 

where D 1 = D  3 -  1 = _ �89  - ~, D 2 = D 4 ; G~. is the KN27* 
coupling; tz. is the value of t such that on the hyper- 

2 . bola defined by a, u = Mz.,  and the other kinematical 
quantities are defined as follows: 

p~, 2 M vz, 
- -- Pz*(al + ~2 tz*) + ~ - ( f l l  + f12 tz*), 

' M ,  M~(Mz*+M)2-m212,  ax=3(M~,+M)q2,+t  ~ -  J[ 

[(M~* + M) 2 - m 2 ]  2, 
fil = 3q 2. - 2mz,  

a2=~(M~.,+m), f i2=~  -. 

3. t-Channel Extrapolations 

3.1. Kaon-Nucleon Data Input 

To extract information on the t-channel process 
/ ( K  ~ N N  we first form the "discrepancy" function 

D { (t, a) = Re e + (s, t) - P [  (s, a) 

P ! I m  F(  (s',t'){s',s,a}+ ds, (3.1) 

which consists of those parts of the dispersion relations 
which can be evaluated with currently available 
s and u-channel data. 
In the s-channel we use the amplitudes from Ref [7], 
which is the latest and most extensive analysis of 
both K N  isospin channels. The upper momentum 
of this analysis (k~ab = 1.5GeV/c) determines the 
upper limit g. 
The latest analysis of u-channel data below 1.5 GeV/c 
is by a Berkeley group [8] (which we denote by BK). 
This extends to lower momenta than previous 
analyses, fits new low-momentum K -  p elastic polari- 
zation data, and includes some constraints from 
forward dispersion relations. Hence it is intrinsically 
more reliable than earlier work, and we use it as 
our preferred input in this region. Nevertheless, 
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for the purpose of comparison, and to estimate 
errors, we also use the amplitudes of the Rutherford 
Lab.--Imperial College collaboration [9] (denoted 
RLIC), and those of the University College group 
[10] (denoted UCL), which analyze most of the 
data used by BK. In the case of the UCL solution 
an explicit resonance form for the D03 (1520) 
resonance must be added, as the lowest energy of the 
analysis is 1540MeV. This is done using a Breit- 
Wigner formula with a standard Blatt and Weisskopf 
barrier factor. 
The u-channel amplitudes in the resonance region 
must be supplemented by amplitudes at very low 
energies. Here we use the results of the K-matrix 
analysis of [11], which is the most reliable available, 
mainly because of the simultaneous use of data and 
forwa~cd dispersion relations. In particular, consis- 
tency was required, via forward dispersion relations, 
with the forward K - p  charge-exchange differential 
cross-section, which had previously been neglected. 
We analytically continue the K-matrix amplitudes 
below the /~N threshold to provide a model for 
the K N  unphysical region also. 
Another result of the analysis of [11] is a more 
reliable determination of the K N A  coupling constant 
( G ~ a / 4 n =  13.7_+2.7) which we use to evaluate 
the A-pole term in (2.2). In the case of the 2 it proved 
difficult to separate its contribution from that of the 
S*, the best-value (GZ/4n=3.7) being obtained 
with the S* coupling essentially zero. Since away 
from t = 0 even a small 2" coupling could give rise 
to important contributions, we also consider the 
possibility of a non-zero ~* coupling, G2,/47z = 2.6 
(which is somewhat less than the SU(3) value), and 
in this case reduce G~ so that the total contribution 
of S plus S* to the forward amplitude at threshold 
is conserved, thereby preserving the consistency 
between the K-matrix predictions and the forward 
dispersion relation fits of [11]. The actual value used 
for G~/4n in this case is 2.5. 

3.2. Use of Fixed-t Dispersion Relations 

Two problems are raised by the use of the above 
u-channel input. Firstly, there are discontinuities 
at the joining momentum between the K-matrix 
amplitudes [11] and those from the analyses in the 
resonance region [8-10]. Although the matching 
problem is less severe for the BK analysis, which 
imposed forward dispersion relation constraints [11], 
even this solution has problems away from t = 0. 
Part of this trouble could well be due to the fact 
that the K-matrix analysis only includes S-waves. 
This raises the second problem, that Re/~i will be 
very poorly reconstructed at low momenta because 
threshold effects enhance P-waves there. 
The practical effect of these problems is to produce 
an unsrnooth behaviour in D +, as calculated from 
(3.1), as functions of t (at fixed-a) for - t < 0.3 GeV 2, 

which is particularly unfortunate as this region is 
expected to play an important role in the inter- 
pretation of the discrepancies in terms of t-channel 
poles. 
A solution to this problem is to calculate the real 
parts appearing in (3.1) from fixed-t dispersion 
relations, since the S-wave approximation for the 
imaginary parts at very low momenta is expected 
to be adequate. For the amplitudes F~ the relations 
have the unsubtracted forms [5], 

Re F~ (s, t) = 

P ( s , t ) + P  I m F  (s',t) ~ .[ ~ +_ ds', (3.2) 
n T  

where the fixed-t poles (including the ~* (1385)) 
are given by 

1,2 = +- C I , 2 ( Y ) Q y G 2 ( M , )  +- 

+ DI'2Qz*G2*(Ms*)+- 1'  

Pe3,4 = ~ [ ~ C 3 , 4 ( Y ) G 2 ( M y )  + 

03"4([31 + fi2t)G~*( Mx*)+- t '  + 

1 1 

- + _ M  2 w h e r e ( M ) +  = M2 - s - u 

Qr = - (t/4 - M2)(M - Mr) + M(2M2r + t - S)/4, 

Or, = - (t/4 - M2)(al + % 0  

+ M(2M2, + t - Z)(fl 1 + f12 t)/4, 

and 

Z =--- 2(M 2 + tn2). 

These relations may be evaluated using the input 
data discussed above, and a model for the small-t 
high-energy behaviour. For the latter we use the 
Regge-pole solution of [12]. 
Although the use of fixed-t relations is strictly neces- 
sary only for - t  <0.3 GeV 2, in practice we use 
them for the entire t-range considered to avoid 
generating further discontinuities. The latter range is 
- t < 0.8 GeV 2, which is slightly larger than allowed 
by a strict application of Manderlstam analyticity. 
Both s- and u-channel real parts were calculated 
in this way, and to ensure convergence of the integrals 
a subtraction was made at , ,~  = 1.75 GeV, where 
all three u-channel phase shift analyses [8-10] 
are in excellent agreement. 
It is, of course, important to check that the predicted 
real parts are in agreement with those from the 
phase shift analyses in the physical regions appro- 
priate to each t-value. In the s-channel the agreement 
is satisfactory. In the u-channel the BK amplitudes 
have overall the greatest degree of consistency (which 
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is another reason for using them as our preferred 
u-channel input), although Re/31 is sensitive to 
the precise values of the S and S* couplings. The 
RLIC and UCL solutions are also satisfactory, with 
the exception of Re/~o and the UCL case. However, 
since only the imaginary parts will be explicitly 
used in the hyperbolic dispersion relations, we retain 
all three sets of amplitudes. 
As a byproduct  of the fixed-t analysis we evaluate 
(3.2) at t = 0 to obtain estimates of t h e / s  S and P- 
wave scattering lengths (the notation is ,,(i) corres- "~l_+ 
ponding to J = l _+ 1/2): 

a(O) - 1.79 + 0.16fm, 0 +  = 

a(O) _ ,~(o) = 0.04 + O.02fm 3, 1 - ~ 1 +  

a(1) = 0.41 + 0.07fm, 0 +  

(1) ,,(1) = 0.02 + 0.07fro  3. a l  - - -  '~1 + 

The errors arise from using the different inputs 
described above. 

3.3. t-Channel Models 

From equations (2.2) and (3.1) 
y N  T + , , [-Fi-(t,s )] dr' 

D:(t,a)=vNH:~(t,a)+rc-4!2Im[ )-;~ J t ; Z t '  

(3.3) 

where the function Hi-+ (t, a) is the sum of the high- 
energy parts of the s and u-channel integrations 
above the phase-shift region (M + m) z < s' < g, and 
the t-channel integration above t = f, which varies 
with the particular amplitude but  is of the order 
of 4 M  2. 
Since Fis far from the region of evaluation of D + (t, a) 
( 0 < -  t <  0.8 GeV2), we may safely assume that 
the physical region of the t-channel gives only a 
t-independent contribution to the discrepancy (or a 
contribution proportional to v (t, a) in the crossing-odd 
case). We make the same assumption for the high- 
energy s and u-channel contributions also, although 
here we are on less sure ground. However, the relevant 
Regge exchanges are either exotic or exchange--  
degenerate, so it is likely that the total s- and u- 
channel contribution is very small, in which case 
this assumption will make negligible error. Since 
in practice none of the functions D + turns out to 
have more than one turning point as a function 
of a at any fixed value of t, the simplest model for 
H + (a) is a quadratic. A more satisfactory procedure 
is to make a fixed-a subtraction, and hence remove 
H +. Thus, if the discrepancies are subtracted at 
t = t2, and evaluated at t = t 1, we work with the 
quantities. 

A+-tt t a~_D~(tl,a_ D~(t2,a) (3.4) 
i I, l '  2 '  I = vN(ta,a) v / V ( t 2 , a )  " 

The subtraction will also improve the convergence 
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of the integrals. Using the subtracted forms, and the 
unsubtracted forms with H(a) a quadratic, produces 
negligible changes in the t-channel couplings, which 
suggests that the effects of distant cuts have been 
satisfactorily separated from the lower-mass ex- 
changes. 
As a model for the latter we evaluate the integral 
in (3.3) using the partial-wave helicity expansion 
(2.1) truncated after n terms, and for each discrepancy 
we perform fits with n = 1, 2 and 3. Using the relation 

z = 1 + at/pq, 

in the Legendre polynomials, gives the a dependence 
of the various helicity amplitudes. For each dis- 
crepancy the n 'h contributing amplitude in order of 
increasing spin has an a dependence given by an 
( n - 1 ) t h  polynomial. Each helicity amplitude is 
assumed to be dominated by at most two states, 
and for each we use the narrow-width approximation, 
i . e .  

2r~ 
h R (t) - +_ 

M g - - t - - i e '  

where R denotes the appropriate t-channel resonance. 
In the case of the isoscalar S-wave amplitude, where 
the states are probably very broad, an alternative 
to the narrow-width form was used, and this will be 
discussed in Sect. 4. The masses M R were taken to 
be those of known mesons, or for the higher spin 
states from an assumed linear Regge trajectory, 
although in the final solutions only known states 
were needed to fit the discrepancies. The free para- 
meters are the couplings F~, and these are determined 
by simultaneously fitting the discrepancies over 
the entire grid of a and t-values (or the grid of a, t 1 , 
a n d  t 2 in the case of the subtracted discrepancies). 
The range of the former, - 1.8 GeV 2 < a < 0, is 
determined by the convergence of the t-channel 
helicity expansion on the hyperbolic paths used, 
assuming Mandelstam analyticity. 

4. t-Channel Couplings 

4.1. p and g Mesons 

These contribute to the discrepancies D~- and D2, 
and in both cases a satisfactory fit is obtained with 
just the two lowest spin partial-wave helicity ampli- 
tudes. In fact the p alone gives quite reasonable 
fits. However, inclusion of the o-meson produces 
a small, but significant, improvement, and the 
subtracted discrepancies A~ and A 2 show some 
a-dependence at fixed-t, indicating the presence 
of an amplitude with J > 1. Moreover, the various 
choices of input lead to consistent values for the 
residues F~ .  The fit to D~ and D2/v using the BK 
amplitudes as the main u-channel input, are shown 
in Fig. 1. 
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Fig. 1. Fit  ( - - ) ,  using p and g contributions,  to  the t-dependence 
of D~ and D~/v(x) ,  for a = 0  (a), a = - 0 . 6 G e V  2 (b), and 
a = - 1.8 GeV 2 (c). Some typical error  bars  are shown 

The fitted values for the p-residues are 

F% = - 0.89 + 0.12, r ~  = - 4.1 + 0.4, (4.1) 

where the u n i t s a r e  appropriate powers of GeV. 
It is convenient to relate these residues to conven- 
tional coupling constants, and since we work in 
Born approximation this may be done by defining 
effective Lagrangian densities. For definiteness we 
use the conventions of [ 13], which lead to dimension- 
less coupling constants. The relations are 

M GoKi_f G(V)_ m2 r ) 
6 4re \ pNN+~-M~GoNg , (4.2) F P +  = _ _ _  

and 

F p = N / 2  GpKK , G(V) ~ ( .N~ + ooC(T)-~NN'" (4.3) 
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Using (4.1) gives 

G{r)_/n(v)_ = 4.2 + 2.4, (4.4) 
p N N / ' , J p N N  

in reasonable agreement with the best estimate 
from nN analyses [13] (6.3 _+ 0.9). The large error 
on this ratio is due to cancellations in equations (4.2) 
and (4.3), and so it is probably more reasonable 
to use the intrinsically more reliable value from 
n N analyses. We then obtain from (4.2) and (4.3) 
estimates for GpKt7 (v) 4n " GpNg/ , which when averaged 
give 2.6 + 0.4. Since the best estimate ,~f ~ c(v)_/an 

- -  ~ ~p~7~ ~ p N N I "  
is 2.4 _ 0.4 [13] we have 

GpK~/Go, ~ = 1.08 __ 0.35, 

in excellent agreement with the pure SU(3) prediction 
of unity, and an application of hyperbolic dispersion 
relations to nK scattering [14] which finds 0.95 __ 0.09. 
(Using (4.4) leads to G~K~/G~ ~ = 1 4 + 0.6). 

P . �9 _ _  

The fitted values of the g-residues are 

r~ = - 0.30 ___ 0.14, F% -- - 0.35 __ 0.14. (4.5) 

These are related to dimensionless coupling constants 
by 

p2 
- 128 GgK~ (c(1)_ _ ~-o n(2)_~ 

F ~  4n \~ONN M 2 ~ o N N ) ,  (4.6) 

and 

- 256 c _cm_ 
~ g K K  ~" gNN F o = 

35x/3#ZM 2 

where the latter 
Lagrangian density 

/ 4 i  _ ~-. 

4n ' (4.7) 

are defined by the effective 

8 (1" 
K + ~-~Go} ~ NT~ Opt ~N 

8i (2 " _ _  )_ - . #7 +M3GgNNO~Nr~a~N ) g , (4.8) 

and the field notations follow [-15, 16]. Using (4.5) 
g i v e s  

G{Z)_/n(1)_ = 0.3 + 4.8, (4.9) g N N I ' ~  gNN 

the very large error being due to strong cancellations 
in (4.6) and (4.7). However, there is satisfactory agree- 
ment with the result - 2 . 5  _+ 2.5 obtained from 
n N analyses [3]. 
To estimate the 9 N N  couplings separately we first 
obtain Gg~:k from the decay g ~ K/~ via the width 
relation 

32qo 7 2 
F~ = 35 n# 4 m2o G gK~: " (4.10) 

The g ~ K K  branching ratio is poorly known the 
best estimate being [17, 18] (1.5 +__ 0.5)%. This gives 
I GoK~I = 0.012 + 0.003, and leads to the estimates 

G(1)~ ,~ 0.18 + 0.12, gNN / ~  7~ ,= 

I ~ ( 1 ) -  + 0"2 ~ ( 2 ) -  I - g N N  ~gNN J -- 1.7+1.0._ 
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The value of (~)- ' I GouNI is far smaller than obtained in 
rcN analyses [3], and may reflect the difficulty of 
extracting the very small g-contribution in the 
presence of a dominant p-term. 
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and 

F~ _ - 2,v/2 G~t(g, G(V) -L ~(r),~ (4.13) 
- ~ ~ t <oN~-  ~<~NN,- 

4.2. (o, 4) and (o* Mesons 

These contribute to D~- and Dr ,  and again only the 
two lowest spin states are necessary to obtain a 
satisfactory fit, although now there is the complication 
of two jr = 1 resonances. Because of the relative 
closeness in mass of the two latter states, compared to 
their distance from the fitted region, it is not possible 
to effect a reliable separation of their contributions, 
and we therefore present results for a single pole 
placed at the mass of the e). Neglect of the 4) has some 
support from the validity of Zweig's rule [19], which 
predicts that the ideally mixed 4) decouples from N ~  r. 
However, phenomenologically, this result is not 
exact, and so the (o terms should be viewed as effective 
couplings, probably containing some effects of the 
4) meson. The spin-3 co* (which itself could possibly 
be a mixture of two isospin states) is unambiguously 
present, both from its important role in achieving 
a fit to D + and the fact that the subtracted dis- 3 '  
crepancies show a marked a-dependence at fixed-t. 
The fit to D~- and D;/v  using the B K  amplitudes as 
the u-channel input are shown in Fig. 2. 
The fitted values of the (o-effective residues are 

F <~ = - 1.6 + 0.3, F ~ = - 3.0 + 0.4. (4.11) + - -  - _ _  

These are related to the (o couplings of [13] by 

- 2M {r.(v)_ m; am-'  
F~ 3 4 ~ I t ~o~svu + ~ o)sv~v j ,  (4.12) 

Using (4.10) gives 

G ( T L  I ~ ( V )  - - -  f~ A _ ~NN/,~,~N -- ,,.~ + 0.7, (4.14) 

which is consistent with both the often made 
assumption [20] that ~oNN~(r)_ ~ 0 (which is supported 
by extrapolating Regge-pole fits of kaon-nucleon 
data [12]), and the value 0.69 found in a recent 
extensive fit to N N  data using one-boson-exchange 
(OBE) potentials [21 ]. Individual values of G~Kg G(~V)Nfi 
follow from (4.13) and (4,14), and when averaged give 

G _ ~(v)_/4u = 2.3 + 0.7, (4.15) o~KK ~ o ~ N N /  

in excellent agreement with values in the region of 2.1 
obtained from particle-exchange model fits to low- 
energy K+p data [20-1, which also replaced the (o 
and 4) by an effective-(o pole. If  we assume that our 
results are dominantly due to the true (o, then we can 
calculate GoNg using an estimate of Go,~g. The latter 
may be obtained via the 4) ---, K K  partial width 

= 4 Cl• ( G;Kg'] 

and the SU(3) relation G ~ g = - - ~ f 2 G o K g .  Using 
a 4) ~ K/s  branching ratio of 0.84 yields 

I G~Kgl = 2.9 __+ 0.2, 

and hence 

G2u~/47z = 7.9 + 2.9, (4.16) 
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which is compatible with estimates from OBE fits 
to NN data [-13]. 
The spin-3 co* is found to be necessary to produce 
an acceptable fit to the discrepancies. Moreover, the 
subtracted discrepancies show a significant a- 
dependence which is well approximated by a spin-3 
contribution as is shown in Fig. 3. The values of the. 
fitted residues are 

F~* = - 0.7 _+ 0.1, F~_ * = - 0.9 _+ 0.2, (4.17) 

and are stable with respect to the inclusion or not of 
a separate ~b pole. The residues lead, via formulas 
analogous to (4.6) and (4.7) (identical except for an 
overall sign change), to the estimates 

G(2) /~(1) _ -- 0.2 + 1.3, 
e~* N N I ~ c o * N N  ~ 

G,~,Kg G~,)N~/4~ = (3.7 -4- 0.7)10 -3 . 

4.3.6 and A 2 Mesons 

The scalar 6 resonance contributes to D~- only, 
whereas the A 2 contributes to both D~- and D 2. 
No higher spin states need be invoked, and the result- 
ing fits are shown in Fig. 4. The dispersion relation 
evaluations show considerable noise, due largely to 
strong cancellations between terms. (Note that the 
errors shown are due solely to the range of hyperon 
couplings used). The effect of these cancellations is 
that in D~- the A 2 contribution is found to dominate 
that of the 5. The importance of the A 2 can also be 
seen from the plot of A + (Fig. 5) which exhibits a 
greater variation over a than the variation of the mean 
value (the dotted line, which is the 6 contribution) 
over t. Thus the situation is qualitatively different 
than that observed for the spin-3 mesons g and eg*, 
which were secondary effects. The curvature might 
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suggest the presence of  a spin-4 contr ibut ion,  but  
a t tempts  to include such a term produce  only mar-  
ginally better  fits, and a residue which is consistent 
with zero. The same is true for the A 4 discrepancy 
also shown in Fig. 5. 
The fitted values of  the residues are 

F~+ = 0.4 _ 0.2, (4.18) 

Fa+ ~ = 0.23 + 0.06,/-A_2 _= _ 1.9 __ 0.5, (4.19) 

and despite the poor  quali ty of  the fits, these are very 
stable to  changes in the input  data.  Using the couplings 
of  [ 13] gives 

r~+ 2 = -- #p~ G , ~  G,~Ng/4x, 

which using (4.18) yields 

GaK ~ GoNg/4rc = 4.5 ___ 2.3, (4.20) 

The  value of  G a ~  can in principle be found f rom the 
decay 6 --* K K  but  the branching ratio is very poor ly  
known.  However ,  a recent analysis [22] of  the decay 
properties of  the ~ in the reactions K-p- -+  t lrc-S* 
and  K - p ~ K ~  * has shown that  the SU(3)  
predict ion G~K ~ = (3/2)Gff,, is well obeyed, and the 
latter may  be obta ined f rom 

F~n ~ -- k#  2 G~n~ 
rn~ " 4re ' 

where k is the r/~z c.m. momen tum.  
Using Fa,~ = 50 _ 1 0 M e V  [-17] gives 

t G~Kgl = 9.8 +__ 1.0, 

and f rom (4.20) 

GffNg/4rc = 2.6 _ 3.2 (4.21) 

mhich is also in good  agreement  with N N analyses 
[13 ,21] .  

Fo r  the A 2 residues we have 

F A 2 _  32 GA2Kg(G(1)_ P 2 2 G ( 2  , _ ~  
15# arc \ A2UN-- M 2 A2NNJ, (4.23) 

and 

FA 2 1 6 ~  GA2Kf:G(1) - _ = A2UN (4.23) 
1 5 # M  4re ' 

which using (4,19) give 

G (2) - /G  (1) - - - 2.3 + 0.2, (4.24) 
A z N N /  A 2 N N  - -  

and 

G42K~ G(Aa)N~/4rC = -- 0.09 + 0.02. (4.25) 

Finally, {_GA2Kgl may  be obtained f rom the decay 
A 2 ~ K K via 

8q~2 G 2 
F A2KK = 1 ~u2 M 2 A2KK" 5 tx 1via2 

Using a branching ratio of  (4 .7_  0.5)~ 1-17] gives 
I GA2KfI = 0.25 +__ 0.02 and hence 

G(A~)~g/4rc = 1.6 + 0.9. (4.26) 

4 .4 . f  and f '  Mesons 

These contr ibute  to  D~ and D f .  The former  also has 
a scalar contr ibution,  which presents special problems, 
and we defer discussion of  this to Sect. 4.5. As in the 
co - qb case the relative closeness in mass of  t h e f  and 
f '  with respect to their distance f rom the fitting 
region precludes the use of  two distinct poles. The 
fit to  D f  using a single effective pole at the f mass is 
shown in Fig. 6, and the resulting value of  the residue is 

F_  = 6.5 • 0.3 (4.27) 
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Inclusion of a J = 4 term (the h-meson) produces no 
significant improvement in the fit, and a residue which 
is consistent with zero. The absence of a significant 
h contribution is confirmed by the lack of substantial 
a-dependence in A~- (Fig. 6). The fit to D~ with 
f-effective and scalar contributions will be described 
later, but the resulting residue 

F+ = 1.3 __+_ 0.2, (4.28) 

is very insensitive to the form of the scalar term, even 
though the latter contribution is substantial. This 
situation is analogous to the g and co* cases where 
dominance of the lower spin effects with regard to the 
t-dependence stabilises the values of the higher spin 

residues. The importance of a J = 2 contribution 
can be seen from the strong a-dependence of A ~+ 
shown in Fig. 7. 
Detailed interpretation of F+ is difficult because, 
unlike in the n N  case, Zweig's rule does not lead to 
a strong suppression of the f '  with respect to the f. 
Thus we have no reason to neglect either the f or 
the f '  contribution. However, we can make rough 
estimates of the relative strength of these two terms. 
To do this we write 

/4 - , \  
r+ r{ + \@,_t/s 
where <.. .  ) =  0.75 is an average over the range of 
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the fit. In terms o f f  and f '  couplings, 

32[- G"'-- P} 
F+ ~ 15#L arc \ yNN M2G~2)ug) (4.29) 

+0.75 c (1) - - p}' c (z) -~-] 

and 

F ~ 16x/~ ( GsK~G~ c _('~(1) _x 0 75~:'KK~f'NN| (4.30) 
- 1 5 # M \  4rc + " 4rc J" 

The modulii of GyK~ and Gy.Kg may be obtained 
from the partial widths 

8~?  2 - 
FfKg = 157z#Zm} GfKK' 

(similarly for f ' ~ K F ; ) ,  and their relative signs 
from S U(3), assuming ideal mixing and the absence 
o f f ' ~  rcrc decay (Zweig's rule) [19]. (We use K/s 
branching ratios of (3.1 + 0.4)~ and (90 _+ 10)~o, for 
f and f '  decays, respectively). Also, from analyses 
of ~N scattering [13] it is known that G ) ~  ~ 0 and 
G(r~7 = 6 3 + 1 0 (assuming, for definiteness, G ~ > 0) 

�9 " _ _  �9 f " 

Collecting these results together, and using (4.29)- 
(4.30) yields the estimates 

G _~(t) _ (2) _ 

�9 '~K ~'~N ~ 0.2 _+ 0.1, GJ"~GY'NN ~ - 0.8 _+ 0.5, 
47z 4re 

compared with 
_ ~(2) _ 

G yKg G(f~ - 0.16 • 0.04, ~*KK~ yNN ~ O. 
4re 4re 

Thus the f '  provides a very important contribution 
to the t-channel of K N  scattering. 

4.5. Scalar Mesons 

(a) e,S* Residues. The scalar mesons contribute 
to D~ along with t h e f a n d f ' ,  but although the latter 
give important a-dependent terms (see Sect. 4.4), 
because of their relatively high masses they contribute 
only slightly to the t-dependence, which is dominated 
by the J = 0 amplitude. This function is shown in 
Fig. 7, and is qualitatively different from previous 
discrepancies in being distinctly non pole-like. To 
achieve the observed shape in a pole model with an 
essentially t-dependent background requires at least 
two nearby poles contributing with opposite signs. 
It is tempting to ascribe this behaviour to an inter- 
ference between the e and S* mesons, but there is a 
difficulty because an acceptable fit can only be 
achieved with m~ ~ 0.7 GeV, whereas the physical 
e has a mass ~ 1.3GeV. [17]. The narrow-width 
approximation is clearly inadequate, but fortunately 
it is possible to do better because detailed analyses 
of n N scattering [_23] have deduced the form of the 
l=J=Orcrc -~NN  helicity amplitude f~ for 
x/ t  < 0.9 GeV. In particular Im f~ is known to 
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have a broad maximum at ~ 0.7GeV, probably 
followed by a zero around 1 GeV. In a pole model 
the latter is interpreted [4] as the start of the S* 
effect. Since rn~ ~. 1.3 GeV we are led to a picture 
of Im fo  (t) as having a broad maximum due to the 
e-meson "interrupted" by a negative minimum due 
to the S*. A discrepancy analysis of rcN scattering 
along the lines of the present work [4] lends support 
to this view. Beyond 1 GeVImf+~ is essentially 
unknown, but destructive interference between the 
negative tail of the S* and the positive e would 
tend to occur. Thus the bulk of the e contribution 
would arise from relatively low masses, and in a 
pole model would require a low effective mass for 
the s, as has been found. Unfortunately, in this case 
the interpretation of the resulting residues is far 
from clear. 
Fortunately, the t-dependence of D + is not sensitive 
to the higher energy region of the helicity amplitudes, 
so we seek a way of inserting the low-t behaviour 
of the scalar term without explicitly assuming a 
pole behaviour. We do this by assuming that the 
qualitative behaviour of h ~ (t) in this region is similar 
to that off+ ~ (t), i.e. we assume that 

Im h ~ + (t) = 2R~ Im f+~ (4.31) 

for ~ ~< 0.9 GeV, and we interpret R~ as the ratio 
ofe couplings to K/s and rcrc. (The factor of two is a 
consequence of our definitions of couplings). This 
ansatz has been used before [20] in an analysis of 
K+p data, and some support for it comes from 
considering the unitarity condition, which in this 
region is well approximated by the rcrc intermediate 
state, and takes the form 

Imh~ [ - ~ - J  [f~176 

where go(t) is the J = 0 partial-wave amplitude for 
rc~z ~ K/s [13]. Since the imaginary parts of both 
fo  and go are numerically far larger than their real 
parts [14, 23, 24], and Img o < 0  for w/)-< 0.9GeV 
[14, 24], equation (4.31) is a reasonable approximation 
with R~ > 0. We retain the narrow-width form for 
the S* resonance. 
The fit to D[  is shown in Fig. 7, and the resulting 
parameters are 

R~ = QK?. = 0.41 ___ 0.07, (4.32) 

and 

GS*K~ Gs*N~ 
F s* = _/~p2. 4re = - 2.9 + 0.8, (4.33) 

where the errors reflect the use of different inputs 
f o r I m f  ~ [23] as well as u-channel amplitudes. 

(b) Scalar Nonet. An SU(3) analysis of the scalar 
nonet is fraught with difficulties, not least of which 
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is to identify which states comprise the multiplet. 1.0 
We make the usual assumption [25] that the I = 0 
members are the e and S* mesons, with the 6(980) 
as the 1 = 1 component, although other assignments 
are certainly possible [26]. 
The singlet (gl) and octet (g8) couplings are defined o.6 
via the S U (3) Lagrangian density 

,_= 
~o//~ = g l g a ( ~ .  n -b 2K/~) ~ 0.a 

+ g8 [26.r~r/+ a ' /~ r K  + $8 (n-rr - K K ) ] ,  
0.2 

and the e -  S* mixing angle is defined by 

e = q cos 0 - S 8 sin 0, o 

S* = e I sin 0 + S 8 cos 0, 

Then, 

G~= = 2ga cos 0 - 298 sin 0, (4.34a) 

G,r ~ = 291 cos 0 + g8 sin 0, (4.34b) 

Gs,~ = 291 sin 0 + 298 cos 0, (4.34c) 

Gs,r~ = 291 sin 0 - g8 cos 0, (4.34d) 

and in terms of these couplings the partial widths 
given by 

2 2 
3k,~# G~,~ F~K~_ kK# 2 G~g (4.35) 

F , . . -  4me 4re '  m~ 4 re '  

where k,~,k r are the appropriate c.m. momenta. 
Equations (4.34a, b) may be written 

GeKF,; = R~G~,= = - 3R~g 8 sin 0/(1 - R,), 

and using these in equation (4.35), plus the unitarity 
constraint 

F~= + F~g  < F~ (4.36) 

the total width, leads to the upper bound 

sin g 0 < 4~zmZF~(1 - R~)2 
= 2 2 3 kKR2) �9 (4.37) 9# gs(ak~ + 

A similar bound for cos 2 0 may be obtained in terms 
of Rs, =--GS,K~/Gs,,=, but the precise value of this 
ratio is unknown. However, there is strong evidence 
that Rs, > 0. This follows from combining the sign 
of FS+ * in equation (4.33) with the results of a discre- 
pancy analysis of lr N amplitudes [4], and is supported 
by consideration of the qualitative features of the 
Legendre coefficients for K + K  - production in 
7rN reactions [25]. An assumed positive value of 
Rs, was in fact the basis of the S U(3) analysis of 
Morgan [25] which found a large mixing angle 
0 ~ 69 ~ but in Morgan's solution the e is essentially 
decoupled from K/s in contrast with more recent 
data [27]. Using (4.34) Rs,may be written 

tan 2 0(1 + 2R~) + (1 - R~) 
Rs* = tan 2 0(1 + 2R~) - 2(1 - R,)' 

and for 0 < R, < 1, Rs, > 0 implies the lower bound 
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sin 2 0 > 2(1 - R~). (4.38) 

The bounds (4.37) and (4.38) are plotted in Fig. 8 
as a function of R~. To evaluate the upper bound 
we use r G = 1.3 GeV, F~ < 0.4 GeV [17] and g 2 = 48.4 
as calculated from 

2k# 2 g82 
Fa'= m 2 4re' 

using a partial width of 50 MeV [22]. The shaded 
areas on Fig. 8 denotes the allowed regions for R~ 
and sin z 0, from which we deduce our best value 
of sin 2 0 = 0.52 _+ 0.12. From R, and sin 2 0 we find 
[gl/08[= 1.6 + 0.5, which is compatible with w/2 , the 
prediction of Zweig's rule [19]. All other couplings 
may now be calculated. For definiteness we use 
g82 = 48.4, as before. For  the e we find 

G~,=/4r~ = 52, G2Kg/4rt = 9, 

which imply appreciable coupling to both r~rc and 
K/~ channels (F,= = 286 MeV, F,K ~ = 43 MeV, F~ > 
329MeV) in agreement with recent production 
data [27]. For the S*, Rs, = 3.4 _+ 2.2 and 

Gs,~/4~ = 3, G2,~/4~ = 34, (4.40) 

which imply a satisfactory small S*--+rcrc width 
of 23 MeV. The S*--+ K/s  width depends critically 
on the mass of the S* because of the phase-space 
factor, but for Ms, < 1 GeV, Fs,Kg < 50 MeV and so 
23 < Fs, < 73 MeV, again in good agreement with 
experiment [17]. Finally, using (4.40) in (4.33) gives 
Gz, N~/4~ = 31. 
Although the above analysis leads to results in 
excellent agreement with experiment, it is worth 
remarking that the e and S* couplings depend on 
g 2, which we have calculated from c5 ~ 7~// decay. 
However, the same coupling can be obtained from 
~: --* K~z, and although the parameters of this decay 
are not precisely known, current estimates imply 
a considerably larger value for 92 and a consequent 
increase in the e and S* partial widths. 
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