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(A)Basics of Statistical Thermodynamics
The Gibbs Factor

A system is assumed to be able to exchange both energy and particles with a
reservoir. The probability that the system isin a specified quantum stateiis,

P(N, &) exp{(N‘li—T_E)} (1)

k = Boltzmann’s constant (1.38 x 10 Joules.’K)

T = absolute temperature (°K).

E = energy of the quantum state of N particles (Joules)

u = chemical potentia (illustrated below what this means), Joules
N = number of particlesin the quantum state of interest.

Note: The probability isonly proportional to the exponential expression, not equal to
it. The actual probability results by normalising, that is,

P(N,s)= %exp{%} @)

where the Grand Sum, 3, isfound by summing the probabilities over all quantum
states and over all possible numbers of particles,

2 Nu—-E

3= Zexp{—( ad )} ®
N=0 states kT

The Boltzmann Factor

Thisisaspecia case of the Gibb’s factor when the number of particlesisfixed, i.e.
the system cannot exchange particles freely but can exchange energy with the
reservoir. The probability that the system isin a specified quantum state is,

wa«aﬁ—g} (4

The probability is only proportional to the exponential expression, not equal to it. The
actual probability results by normalising, that is,

Hd=1aﬁ E} (5)

KT

where Z is known as the Partition Function and is found by summing the
probabilities over all quantum states,

Z= Zexp{— %} (6)



Degeneracy / Density of States

The Gibbs and Boltzmann factors give probabilities for a specific quantum state. An
energy level isdegenerate if there is more than one quantum state with this energy.
Suppose there are S(E) states with energy E. The probability of the system beingin
any state with energy E is,

(Diffusive contact): P(N,E) S(E)exp{%} 7
(Fixed number of particles): P(E) o S(E)exp{— %} ®

One important example of degeneracy isthe energy states for a Schrodinger particle-
in-a-box. The number of states with the same wavenumber, k (or, more precisely, the
number of states with wavenumbers between k and k+dk) is,

2
S(K).dk = \2/;2 dk ©)

where V isthe volume of the box. This also appliesfor light (photons).

For non-relativistic particles of mass m, the number of states with the same energy
level, E (or, more precisely, the number of states with energies between E and E+dE)
is,

%
V. m
S(E)dE = NG JE -dE (10)

Expressions (9) and (10) give the same number of states, just in terms of different

variables. Equ.(10) follows from (9) by substituting k* = 2mE/#*. The function Sis
called the density of states. (The letter used for S varies between authors).

If the particles also have spin, then (9) or (10) must be multiplied by the number of
spin states. E.qg., for electrons or photons these expressions should be multiplied by 2.

(B) Derivation of the Fermi-Dirac Distribution

Fermions have half-integral spin and obey the Pauli Exclusion Principle, i.e. there
cannot be more than one identical fermion in any single quantum state. If we consider
a system consisting of just one quantum state, of energy &, the Grand Sum becomes
simple because the only possible numbers of particles are either 0 or 1. Hence (3)

gives,
1 _ —
3= exp N(,u—g) =1+ex (lu—g) (11)
a0 KT KT
From (2) the probability of the state being occupied is the Fer mi-Dirac Distribution,
ol
P(e)= (12)

. 1+ exp{(ﬁ(frg)} ) exp{(gk_Tﬂ)} +1



(C) Derivation of the Bose-Einstein Distibution

Bosons have integral spin. There can be any integral number of identical bosonsin the
same quantum state. In Equs.(1,2,3), the energy, E, isthe energy of a quantum state of
N particles. If the energy of a given quantum state ise when occupied by one particle,
the total energy for N particlesin this stateisE = Ne . We may consider just this one
guantum state as the systemin question so the Grand Sum becomes,

S s-p)|_ 1
Nz;)exp{ o } - (13)
e ﬂ)}
Where, E= exp{ o (14)
The probability of the state being occupied by N particlesisthus, from (2),
P(N.e) - -~ )

The expectation value for the number of particlesin this state of energy ¢ isthus,

(N) = ZNPNg =§N1 EEN =( —§)§§N§N‘l

R d( 1 1
e = |=(1-¢&)- 16
==k 28" = :dg(l_ggj -¢) o (16)
&1 1
1-& 1¢e-1 exp{(s—u)}_l
KT

Thisisthe Bose-Einstein Distribution. It differs from the Fermi-Dirac distribution
only asregards the sign of the “1” in the denominator. But this differenceis crucial.

For the Bose-Einstein distribution, the chemical potential, u, must be less than the
lowest energy level, g, i.e. 1 < &g, SO that e-p cannot be negative. This differs from the
Fermi-Dirac distribution for which the chemical potential may exceed the lowest
energy state and e-pu may be negative. The two distributions are plotted against
(e-w)/KT below. Salient features are,

e Thetwo distributions become essentially the same for (e-p)/KT > 3;
e For bosons the occupation number becomes infinite as (e-p)/KT tends to zero;

e Thismeansthat there will be very large numbers of bosonsin any state whose
energy (strictly e-p) is small compared with KT;

e For fermions the mean occupation number is %2 when (e-p)/KT = 0;

e Thismeansthat about half the states whose energy (strictly e-p) is small
compared with KT will be occupied by afermion;

e For fermions the mean occupation number tendsto 1 when (e-p)/KT becomes
large and negative.

e Thismeansthat as absolute zero is approached, all those states with € < p will be
occupied by afermion.
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(D) Bose-Einstein Condensates

Asthe temperature of a system of bosons is reduced the value of (e-p)/KT will become
large and positive for any states with € > u. Consequently the mean occupation
number will become very small for al such states. If there is afixed number of
bosons, it follows that they must all end up in states with € = p. Consequently, at
absolute zero the value of the chemical potential for a system of bosons must equal
the ground state energy, p = go. Moreover, at absolute zero we expect all the bosons to
end up in the ground state (noting that for £ = u the occupation number is divergent).

In asense, therefore, there is nothing surprising about Bose-Einstein condensation.
The Bose-Einstein condensate phase of a Bose gas consists simply of alarge
proportion of the bosonsin the ground state. However, the surprising thing is that the
onset of Bose-Einstein condensation is quite sudden (i.e. it is a phase change) and
occurs well above absolute zero (e.g. at atemperature of 2.17K for helium-4%). A
simple theoretical expression for the critical temperature for the onset of Bose-
Einstein condensation is derived as follows:-

Since p = g at absolute zero we approximate i = ¢, — KT at sufficiently low

temperatures, so that exp{%} = e for the ground state. The mean occupancy of

the ground state is thus, from (16), (N, ) = #1 T where the subscript o denotes the
e" —

! Helium-4 consists of 2 protons, 2 neutrons and 2 electrons, and hence has an even number of
fermions. Overall it has spin zero, and hence is a boson.



ground state. From this we see that the temperature derivative of the chemical
potential of aboson gas at low temperature, 2—flf = —ku, , determines the occupancy of

the ground state.

Re-arranging gives e =1+ ﬁ . At absolute zero we expect all the particles to end
0

up in the ground state, so that (N, ) — N at low temperatures, where N is the total

number of bosons. Hence, if the number of particlesisvery large, e must be
extremely closeto 1. Using this approximation, (16) gives the mean occupation
number of any excited state (i.e. above the ground state) to be simply,

(N)y=— (17)

&
expr—+»-1
p{kT}

where ¢, = ¢ — g,iSthe energy of the state with respect to the ground state. Hence, if

the first excited state has a (relative) energy which is much larger than kT, i.e., if
g, >> KT , then the mean occupancy of the excited state will be small, << 1.

We want to know the total number of bosonsin all excited states. For thiswe need to
know how many states there are, not just their energies. Thisinformation is provided
by the density of states, Equ.(10). NB: In using this form of density of stateswe are
restricting attention to massive bosons, not photons. The expected number of particles
with energy between ¢ and e+de is the number of statesin this range times the mean

occupancy, (N, ), of each, giving,

%
dN, (2) = V. o m? Je -de (18)
NOYZE exp{gl}—l
KT

We have changed the notation slightly to emphasise that the LHS (dN¢) means the
total number of particlesin this energy range, not just the occupancy of asingle
guantum state. To make things alittle ssimpler, it is usual to assume that we are
dealing with excited state energies which are quite a bit higher than the ground state
energy, so that we can ignore the distinction between ¢, and €. Changing the variable

in (18) to x = &/KT then gives,
Vo (mkT)% Jx-dx

dNe(g)zﬁﬁz. g (19)

The total number of particlesin all excited states (i.e. not including the ground state)
isfound by integration to be,

N :V-(ka)%- 1 T&-dx
¢ N \/Eﬂ'z 0 e’ -1
Consistent with previous approximations the lower limit of the integral is set to zero,

though readlly it should be a small finite value (i.e. the gap between the ground state
and the first excited state). The last part of (20) isjust anumerical constant which can

(20)



be evaluated numerically to be,

= 0.1659 (21)

1 T\/;-dx
—\/Eﬂ'z 0 e -1

The total particle number density is p,, = N/V , where N isthe total number of

particles. Hence, on dividing by N, Equ.(20) gives the fraction of the particlesin
excited states to be,

(mkT )

3pN
Clearly this only makes sense if the RHS evaluates to a number less than 1. When it
does not, then the assumptions of the derivation have broken down. When it evaluates
to lessthan 1, the remainder of the particles must be in the ground state. Thus, the
fraction of particlesin the ground stateis,

'\Ille = 0.1659 (22)

%
No g Ne_j g1a50(mKT)?
N N nepy

Pause to reflect how extraordinary thisis. Equ.(23) means that a substantial fraction
of al the particles are in the ground state. In other words, a substantial fraction of the
boson gasisin anew (superfluid) phase. Thisistrueif the RHS of (23) is positive, i.e.
if,

(23)

(kT )%

hepy
Solving for the critical temperature for Bose-Einstein condensation (BEC) gives,

0.1659

<1 (24)

2
KT, =3313" 5% (25)
m

Thus, the onset of Bose-Einstein condensation will be at a higher temperature if,

e The number density of particlesis greater, or,

e Theparticlesarelighter.

Example: Helium-4:

Number density of liquid He* is2.18 x 10 m™, and the mass of an He* atom is 6.68 x
10" kg. Hence,

(1.054x10* J (2.18x10% )’
6.68x10 7

Using k = 1.38x10% K gives Tgec = 3.1°K. Thisis a pretty reasonable estimate
given that the onset of the superfluid phase of He® is found to occur at 2.17°K.

KT... =3.313 =4.3x10%J



(E) Degener ate Fermi Gases (Non-Relativistic)

Recall the appearance of the Fermi-Dirac distribution - see above graph and Equ.(12).
Re-iterating some of the salient features of the distribution, and making some
conclusions...

e For fermions the mean occupation number tendsto 1 when (e-p)/kT becomes
large and negative.

e Thismeansthat as absolute zero is approached, all those states with € < p will be
occupied by afermion.

e Thevalue of the chemical potential, p, of afermion at absolute zero is known as
the Fermi Energy, .

o At sufficiently low temperatures, specifically when kT << g, virtually all the
states with energies below e will be occupied, and virtually no states with
energies above ex will be occupied.

e A fermion gaswith kT << ¢, is said to be degener ate.

The value of the Fermi energy is easily evaluated. From Equ.(10) the total number of
quantum states with energies lessthan or equal to ¢ is,

% %
v m I@.dEzﬂ.m_s.gj/z
NCY I A 3 h

where we have multiplied (10) by 2 to account for the two spins states of a spin 2

fermion. The Fermi energy is, by definition, the energy for which the number of states
with energies not exceeding this level equals the number of fermions present. In terms

of the number density of fermions, p,, = N/V , Equ.(26) re-arrangesto give the
Fermi energy as,

(26)

2
g, = 4.785% i3 @7)

Note that Equ.(27) for the Fermi energy is almost the same as Equ.(25) for the energy
at the onset of Bose-Einstein condensation, apart from the constant factor (though
only one can be relevant for any given particle type, of course).

Example 1. Electronsin Metals

For copper, p, =8,.5x10%m~and the electron massis m = 9.1 x 10" kg, giving,

(1.054x10% ) (8.5x 10% )
9.1x10°*

Hence, using k = 1.38x10% FK gives the Fermi temperature, T, = . /k, to be
82,000°K. Consequently the electrons in metals are well degenerate, i.e. temperatures
below the melting point are much smaller than Te.

Given that Equs.(25) and (27) for Taec and Tg are so similar, why isthe He* BEC
temperature as low as ~3°K but Tr for electronsin metalsis so high? The answer is
simply because of the factor of 7,340 mass difference between the He* atom and an
electron.

=1.1x107"8J = 7eV

gp =4.785



Example 2: Helium-3

He® consists of two protons, one neutron and two electrons. It therefore has an odd
number of fermion constituents and must be a fermion. (It has spin %2 ). Hence He® is
avery different beast from He* since the latter is a boson. The similarity of Equs.(25)
and (27), and the similarity of the masses of He® and He®, imply that we should expect
agas of He® to be a degenerate Fermi gas at temperatures below, very roughly, ~1°K
or so. Thisisindeed found to be the case (for example by measuring its specific heat).

Example 3: White Dwarfs

White dwarfs are the end point of the evolution of starsin a certain range of initial
masses. They have a mass comparable to the Sun, but with linear dimensions about
100 times smaller, and hence have a mean density about a million times greater, with

Py ~10*®m™. The material of awhite dwarf is entirely ionised into nuclei and free
electrons. The Fermi temperature for the electron gasisthus,

(L.054x10* f (10* )3

T, ~4.785
] (1.38x10%2)9.1x10

= 4x10°K (er = 0.37 MeV)

The temperature in the interior of awhite dwarf is probably around 10°K, and
certainly not more than ~10%K , so the electron gasis degenerate. In fact, it is the
degeneracy pressure of the degenerate electron gas which prevents the white dwarf
collapsing further under the action of gravity.

Note that the Fermi energy is comparable with the rest mass energy of an electron
(0.511 MeV) so that these electrons are becoming relativistic and the calculation is
only just valid. It isthis fact that limits the possible size of white dwarfs. Repeating
the calculation relativistically reveals that electron degeneracy pressure can support
the star against gravitational collapse only if its massis below a certain limit, which is
about 1.46 times the solar mass. Consequently, stars with greater mass than this
remaining at the end of their evolution are doomed to be crushed by gravity into an
even more dense state — a neutron star, a quark star or ablack hole.

Finally, are the protonsin awhite dwarf degenerate? Their Fermi temperature differs
from that of the electrons only by the ratio of their masses, 1836, so Tr ~ 2 x 10°K..
Thisisrather less than the likely temperature in the centre of the white dwarf, and so
the protons are probably not degenerate. Consequently the protons do not contribute
significantly to supporting the star against gravitational collapse.
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