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Abstract

The ratchet and shakedown boundaries are derived analytically for a thin cylinder
composed of elastic-perfectly plastic Tresca material subject to constant internal
pressure with capped ends, plus an additional constant axial load, F, and a cycling
secondary global bending load. The analytic solution in good agreement with solutions
found using the linear matching method. When F is tensile, ratcheting can occur for
sufficiently large cyclic bending loads in which the pipe gets longer and thinner but its
diameter remains the same. When F is compressive, ratcheting can occur in which the
pipe diameter increases and the pipe gets shorter, but its wall thickness remains the
same. When subject to internal pressure and cyclic bending alone (# = 0), no ratcheting
is possible, even for arbitrarily large bending loads, despite the presence of the axial
pressure load. The reason is that the case with a primary axial membrane stress exactly
equal to half the primary hoop membrane stress is equipoised between tensile and
compressive axial ratcheting, and hence does not ratchet at all. This remarkable result
appears to have escaped previous attention.

1. Introduction

A structure subject to two or more types of loading, at least one of which is primary
and at least one of which is cycling, may potentially accumulate deformation which
increases cycle on cycle. This is ratcheting. Rather less severe loading may result in
parts of the structure undergoing plastic cycling, involving a hysteresis loop in stress-
strain space, but without accumulating ratchet strains. Still less severe loading may
result in purely elastic cycling, perhaps after some initial plasticity on the first few
cycles. This is shakedown. It is desirable that engineering structures be in the
shakedown regime since ratcheting is a severe condition leading potentially to failure.
The intermediate case of stable plastic cycling may be structurally acceptable but will
involve the engineer in non-trivial assessments to demonstrate acceptablity, probably
involving the possibility of cracks being initiated by the repeated plastic straining (by
fatigue, and possibly by creep).

Deciding which of the three types of behaviour results from a given loading sequence
on a given structure is, therefore, of considerable importance. Unfortunately
ratcheting/shakedown problems are difficult to solve analytically in the general case.
However, analytical solutions for sufficiently simple geometries and loadings do
exist. One of the earliest, and undoubtedly the most influential, of these is the Bree
problem, Ref.[1]. Bree's analytic solution addresses uniaxial loading of a rectangular
cross section in an elastic-perfectly plastic material, the loading consisting of a
constant primary membrane stress and a secondary bending load which cycles
between zero and some maximum. When normalised by the yield stress, the primary
membrane stress is denoted X whilst the normalised secondary elastic outer fibre
bending stress range is denoted Y .

The ratchet boundary is defined as the curve on an X,Y plot above which ratcheting

occurs. Similarly, the shakedown boundary is defined as the curve on the X,Y plot

below which shakedown to elastic cycling occurs. The two curves may or may not be
separated by a region of stable plastic cycling. In obvious notation, the three types of



region are denoted R, S and P. Variants on the Bree problem which have been solved
analytically include, (i) the case when the primary membrane load also cycles, either
strictly in-phase or strictly in anti-phase with the secondary bending load, Refs.[2-4],
(i) the Bree problem with different yield stresses at the two ends of the load cycle,
Ref.[5], and, (iii) the Bree problem with biaxial stressing of a flat plate, an extra
primary membrane load being introduced perpendicular to the Bree loadings, Ref.[6].
The analyses in Refs.[2-6] used the same approach as Bree's original analysis, Ref.[1].
However, alternative, "non-cycling", methods for analytical ratchet boundary
determination are also emerging, e.g., Refs.[7,8].

The difficulty of obtaining analytic solutions for more complicated geometries or
loadings has prompted the development of numerical techniques to address ratcheting
and shakedown. For example, direct cyclic analysis methods, e.g., Ref.[9], can
calculate the stabilised steady-state response of structures with far less computational
effort than full step-by-step analysis. A technique which is now being used widely is
the Linear Matching Method (LMM), e.g., Ref.[10]. LMM is distinguished from other
simplified methods in ensuring that both equilibrium and compatibility are satisfied at
each stage.

This paper presents a Bree-type analysis of the ratchet and shakedown boundaries for
the case of a thin cylinder composed of elastic-perfectly plastic material with internal
pressure and capped ends, plus an additional axial load ( F'), together with a global
bending load. The pressure and additional axial loads are constant primary loads. The
global bending is secondary in nature and cycles. The global bending load is
envisaged as arising from a uniform diametral temperature gradient with bending of
the pipe being restrained. The temperature gradient cycles between zero and some
maximum value. After developing the analytic solution for the ratchet and shakedown
boundaries, the solution is verified by use of the LMM technique. (Alternatively this
may be seen as a validation of the LMM technique).

Section 2 formulates the equations which specify the problem. Section 3 defines
normalised, dimensionless quantities which will be used throughout the rest of the
paper. Section 4 describes the method of solution. Sections 5 and 6 present the
solution for the case of tensile ratcheting in the axial direction. Section 7 completes
the solution, considering shakedown and stable plastic cycling as well as compressive
ratcheting in the axial direction. Section 8 describes the numerical analyses carried
out using the LMM method, and finally the key results are summarised in the
Conclusions, Section 9.

Remarkably it will be shown that ratcheting cannot occur if the additional axial load is
zero, F =0, despite the primary pressure load acting in the axial direction as well as
the hoop direction. This behaviour is probably specific to a straight pipe since
ratcheting of pipe bends due to constant pressure and cyclic global bending has been
analysed in Refs.[11,12].

2. Formulation of the Problem

The notation for stresses and strains in this section will include a tilde, e.g., &, to
distinguish them from the normalised, dimensionless quantities which will be used
hereafter.

The problem considers a thin cylinder so that through-wall stress variations may be
neglected. The cylinder is under internal pressure, P, and an axial load, F . Note that
capped ends ensure that the pressure load also contributes to the total axial load. Both



these primary loads are constant (i.e., not cycling). The cylinder wall is therefore
subject to a constant hoop stress, which is uniform around the circumference, of,

E_Pr
Ty

(1)

where r,¢ are the cylinder radius and thickness respectively. The integral of the axial
stress around the cylinder circumference equilibrates the applied axial load plus the
axial pressure load,

Frop = F+ P =[G -r1d0 )

where & is the axial stress at the angular position & around the circumference, and
the integral is carried out over the whole circumference. Equ.(2) holds at all times
since the pressure and the additional axial load are constant.

The axial stress is not uniform around the circumference as a consequence of the
cycling secondary bending load. This bending load is envisaged as arising due to a
uniform diametral temperature gradient, i.e., a temperature which varies linearly with
the Cartesian coordinate X perpendicular to the cylinder axis. Bending of the cylinder
is taken to be restrained so that the temperature gradient generates a secondary
bending stress. The origin of X is taken to be the cylinder axis. The elastically
calculated bending stress is denoted &,, and its tensile side is taken to be x > 0.

Hence the elastic bending stress distribution across the pipe diameter would be
o,X /r where —r <X <r. This secondary bending load cycles between zero and its

maximum value and back again repeatedly.
The material is taken to be elastic-perfectly plastic with yield strength o, . This is a

common simplifying assumption in such ratcheting analyses, without which the

problem would not be analytically tractable. The Tresca yield criterion is assumed,

again for analytic simplicity. Throughout it will be assumed that the compressive

radial stress on the inner surface is negligible compared with the other stresses, i.e.,

the thin shell limit. Stressing is therefore biaxial.

The hoop stress is necessarily less than yield, 6, <o, otherwise the cylinder

collapses. It is worth spelling out why this remains true for this situation of biaxial

stressing. Possible cases are,

e If the axial stress, 0, is positive but less than &, then the Tresca yield criterion
isjust 6, =0 ;

e If the axial stress, &, is positive and greater than &, then the Tresca yield
criterion is just 6 = o, and hence yielding occurs with 6, <o ;

e If the axial stress, &, is negative then the Tresca yield criterion is 6, —6 =0,

and hence yielding again occurs with 6, <o .
In all cases, therefore, avoidance of collapse requires &, <o, as a necessary but not
sufficient condition. Consequently, if &, <o, is assumed, in regions where the axial

stress, & , is positive, the yield criterion can be taken to be simply & = o, . In regions



where the axial stress, o , is negative, the yield criterion becomes 6 = -0, +7,.

Defining the positive quantity ¢, = o, — &, , the yield criteria are,

For 6 >0: c=o0, (3a)

For 6 <0: c=-0, (3b)

The dimensionless parameter « is defined as,
a=—=1-— 4)

Thus, a quantifies the influence of the hoop stress on the ratcheting behaviour.

Consistent with common practice for similar ratcheting analyses the results will be
expressed in terms of the following dimensionless load parameters,

X = Fror y =2t
27m‘0'y o

)
Because bending of the cylinder is restrained by assumption, the axial strain, £ , is
uniform around the circumference. Despite no bending deformation being possible,
nevertheless it is possible for the cylinder to be subject to net axial ratcheting, i.e., if
£ increases cycle on cycle. This total axial strain is composed of four parts: the
elastic strain due to the axial stress, the elastic Poisson strain due to the hoop stress,
the plastic strain, and the thermal strain. Hence, if the thermal load is acting,

- O Vo, . O, X
Thernal Load On: g=—-—t+5 ——1L.=

E E E r

(6a)

where E and v are the elastic moduli and £, is the axial component of plastic strain.

Note that the thermal strain is negative where the thermal stress is tensile, i.e., for

X > 0. There will also be either radial or hoop components of plastic strain, but these
play no part initially in the analysis. The significance of the radial and hoop plastic
strains to the ratcheting behaviour is discussed in §7.

When the thermal load is removed, (6a) becomes,

Thermal Load Off: g= % - VOE-H +£, (6b)

Equations (6a,b) together with the equilibrium condition, (2), and the yield criteria,
(3a,b), suffice to solve the problem.

3. Dimensionless Form
It is convenient to work with dimensionless quantities, normalising all stresses by o,
and all strains by ¢, =o , / E, and the position coordinate by the radius, » . For

example, o =6/0,,0,=06,/0,, ¢e=E¢/o,, ¢€,=kg,/c,, x=x/r.Using

v b
also the normalised loads, (5), the equilibrium equation, (2), and the expressions
(6a,b) for the axial strain become,

Thermal Load On: e=0-voy +&,-xY (7a)



Thermal Load Oft: E=0-vo, +¢&, (7b)

Equilibrium: X =i [o-ao )
Whilst the yield criteria are,

For o>0: o=1 (9a)
For 6<0: o=-a (9b)

From here on all quantities are understood to be in this normalised form.
4. Solution Method

The method follows the now traditional approach of Refs.[1-6]. It is simplest to
implement by translating the algebraic relations, (7-9), into a geometric description of
the piece-wise linear stress and plastic strain distributions. The key to this is the
requirement that ¢ be independent of x. The rules that permit construction of the
distributions are,

1) If the thermal load is acting, then, at all points x,

> Either, the slope of the o versus x graph is zero and the slope of the ¢,

versus x graphis Y,
» Or, the slope of the o versus x graph is Y and the slope of the £, versus

x graph is zero.
2) If the thermal load is not acting, then, at all points x,

> Either, the slope of the o versus x graph is zero and the slope of the ¢,

versus x graph is also zero,
» Or, the slope of the o versus x graph is —Y and the slope of the ¢,

versus x graphis Y,
3) If the stress is in the elastic range, —a <o <1, then the plastic strain, ¢ ,, is

unchanged from its value on the last half-cycle.
5. Solution for Figure 1

Figure 1 illustrates the stress distributions in the case that yielding occurs on both
diametrically opposite points x=1 and x =-1. Because the primary loads are
constant, the stress distributions with and without the thermal load present are mirror
images. The qualitative form of the plastic strain distributions follows from the rules
of §4 and have been illustrated for the first three half-cycles (noting that half cycle 1
has the thermal load acting, half cycle 2 has no thermal load, half cycle 3 has the
thermal load reinstated, etc). The rules of §4 are sufficient to demonstrate that the
assumed stress distributions lead to ratcheting, the ratchet strain being illustrated in
Figure 1. Algebraically the ratchet strain is,

£, =-2Yb (10)

For ratcheting to occur it is therefore required that » <0, which, referring to Figure 1,
simply means that all parts of the cross-section yield in tension under one or other of
the loading conditions. The ratchet boundary corresponding to Figure 1 is thus
specified by,

b=0 (11)



To solve for the unknown dimensions a and 4 note that the slope of the elastic part
of the stress distribution on the first half-cycle must be Y so that the stress in this
region is given explicitly by,

For a<x<b: o=1+Y(x-b) (12)
At x =a this implies, —a=1+Y(a-b) (13)
The angular positions corresponding to x=a and x=»bare 6, and 6, respectively,

where, for dimensions normalised by » , we have simply 6, =sin"' @ and 6, =sin™' 5.
The equilibrium equation (8) becomes,

90 Hb /2
x=1 [Ca)o+ [[1+1Gino-b)do+ [1.d0 (14)
Tin o, 6
Carrying out the integrals gives,
le—ﬂ—a(e—”+l}r(l—Yb)(ﬂ—e—“JJrz(cosHa—cosé’b) (15)
2 T 2 Tz V4

In general the dimensions a and b could be found by numerical solution of the
simultaneous equations (13) and (15) for any given loads X and Y consistent with the
ratcheting condition of Figure 1. Equ.(10) would then provide the ratchet strain per
cycle. Our present purpose is only to determine the ratchet boundary, given by (11).
On the ratchet boundary (5=0) (13) and (15) become,

R2 ratchet boundary:
az—(“—a) and X:l(l—a)—&(l-i-a)-‘rz(COSea—1) (16)
Y 2 V4 /4

Substituting the first of equs.(16) into the second provides an equation for X in terms
of ¥ which is the ratchet boundary on the (X,Y) diagram. The resulting ratchet
boundaries are plotted as the pink curves in Figures 3-6 for « values of 0.7, 0.5, 0.3
and 0.1 respectively. (These correspond to hoop stresses of 30%, 50%, 70% and 90%
of yield respectively).

For Figure 1 to apply, a must lie in the range -1 to 0. The condition a > -1 implies,
due to (16),

1+

On R2 ratchet boundary, a>-1=> X <1- and Y>l+a (17)

/4

Hence the ratchet boundaries corresponding to Figure 1 and Equs.(16) apply only in
the parameter range indicated by (17), i.e., the pink part of the curves in Figures 3-6.
Following Bree, the region above this ratchet boundary is denoted R2.

The left-hand extreme of the pink curves is given by a — 0 and (16) then gives,

On R2 ratchet boundary, a > 0= X —>%(1 —a) and Y > (18)

Hence the ratchet boundary has a vertical asymptote at X = %(I - a). This is the case

that there is no additional axial load, F' = 0, when the axial load is that due to
pressure only, thus,



X (i-a)=2t o (19)

where ¢ is the axial membrane stress due to pressure (normalised by yield). Figures

3-6 show this vertical asymptote as the dashed pink line. This leads to the remarkable
conclusion that ratcheting is not possible if no axial load other than that due to
pressure is applied. The physical reason for this is discussed in §7.

Figures 3-6 also show the ratchet boundary for the case « =1 (i.e., zero pressure) for
comparison (green dashed curves). Note that this case is similar to the original Bree
problem, Ref.[1], except for the cylindrical geometry. For small X the ratchet
boundary for the case « =1 tends to XY =2/ and hence gives ¥ — o onlyas X —0.

We expect to find another ratcheting region, corresponding to R1 on the Bree
diagram, for which Figure 2 illustrates the candidate stress and plastic strain
distributions. The boundary between the two occurs when a = —1 on Figure 1 (or
equivalently, o, = —a on Figure 2). From (13) and (15) this gives,

yzl""_a and X:l_ﬂ+(y_a ﬂ+l —Zcosé?b (20)
1+b 2 T 2) &

The R1/R2 boundary curve is determined parametrically over 5 by (20). This
boundary between the R1 and R2 regions is shown on Figures 3-6 as the continuous
blue curve. (The corresponding R1/R2 boundary for the case « =1 is the dashed blue
curve).

6. Solution for Figure 2

It is clear from Figure 2 that the ratchet strain is again given by (10) though » will be
different. The slope of the elastic part of the stress distribution for the first half-cycle
in Figure 2 gives,
Y= -0,
1+b

21

This provides one relationship between the unknown quantities 4 and o, . A second
relationship is provided by the equilibrium equation, (8), which in this case gives,

0y 7/2
X = l{ [[i+¥(sino-b)ldo+ |1 .de} (22a)
4 -/2 6,
Hence, x=L1 0, (1 —Yb)(g—”+lj Y s 0, (22b)
2 T 2) &

Eqn.(22b) determines b in terms of X and Y, and the ratchet strain is then given by
(10) and o, by (21). Figures 1 and 2 become the same when o, = —a and this

condition when substituted into (21) and (22b) reproduces the R1/R2 boundary given
by (20) - as it should for consistency.

It is clear from Figure 2 that ratcheting occurs if and only if » < 0. Hence the ratchet
boundary in the R1 region is given by substituting » = 0 into (21) and (22b) giving,

R1 Ratchet Boundary: X+ Y =1 (23)

T



This compares to the original Bree ratchet boundary in region R1 which is X +§ =1.

Unlike in region R2, in region R1 the ratchet boundary is independent of « , i.e., it is
independent of the hoop stress.

Figure 2 is applicable only if o, > —a and substituting this condition into ¥ =1-0,
and (23) gives the complement of (17), i.e.,

On R1 ratchet boundary: X>1- It

and Y<l+a (24)
T

which again confirms consistency with the R2 region ratchet boundary.
The ratchet boundaries for & values of 0.1, 0.2, 0.3.... to 1 are compared on Figure 7.

Note that Figures 3-7 show only the regions where ratcheting produces tensile plastic
straining in the axial direction, for X > (I1—a)/2. For values of X less than

(1 - a)/ 2 the additional axial load is compressive, F' < 0. Ratcheting in this region is
discussed in §7.

7. The Complete 'Universal' Ratchet-Shakedown Diagram

So far we have derived only the ratcheting solution but not the shakedown solution,
nor what regions of the X,Y diagram give rise to stable plastic cycling. Moreover,
the ratcheting solution has been found only for the case of tensile ratcheting in the
axial direction. We may complete the solution very quickly by appeal to the similarity
of the present problem with that of Ref.[6], the two problems differing only in the
cylindrical geometry of the present problem in contrast to the flat plate considered in
Ref.[6]. It may be observed that our eqns.(7-9) are essentially the same as the
corresponding equations of Ref.[6], except that the linear integrations over dz in the
latter are replaced by circular (trignometric) integrals over d@ in the present case.

A rather elegant solution to the complete problem in Ref.[6] was found by allowing
X to take negative values. This corresponds in the present problem to considering
additional axial loads which are compressive and exceed the axial pressure load, so
that the net axial stress is also compressive. Ref.[6] identified nine qualitatively
different stress and plastic strain distributions corresponding to nine different regions
of the ratchet-shakedown diagram. This showed that for X < (1—¢)/2 there are
ratcheting regions where the axial ratchet strain is compressive. Moreover the overall
ratchet-shakedown diagram has a mirror plane of symmetry at X = (1 - a)/ 2. Since

we already have the solution for X > (1—¢)/2 this allows us to deduce immediately
the complete solution.

In addition, Ref.[6] showed that the ratchet-shakedown diagrams for different o
become a single, 'universal', diagram applicable for all « ifthe X,Y axes are

suitably redefined. The redefinition used in Ref.[6] to accomplish this was,

AT d v 25)

X' =
1+« 1+«

This same redefinition also removes the & dependence from the ratchet boundary
curves for the present problem, as may readily be proved by substitution of (25) into
(23) and (16) which respectively become,



R1 ratchet boundary: X'+ Y 1 (26)
7

R2 ratchet boundary: X' = % +l(\/ Y'? —1-Y +sin™ %j (27)
r

independent of « , as claimed. Similarly, the boundary between the R1 and R2
regions, eqn.(20) becomes,

R1/R2 boundary: X’=1+2Y _l{(Y'—l)sin‘l(l—%)+\/2Y'—l} (28)
T

again independent of « . The common point of intersection of the R1 ratchet
boundary, (26), the R2 ratchet boundary, (27), and the boundary between the R1 and
R2 regions, (28), which defines point B, is,

-1

Point B: X'==—— Y=1 (29)
7

1+

which is equivalentto X =1- and Y =1+« . The boundaries of the regions

T
exhibiting compressive axial ratcheting follow immediately from mirror symmetry in
the plane X = (1 - a)/ 2 which is just the plane X' =0.5. Hence, replacing the LHS

of (26) and (27) with 1—- X" gives these ratchet boundaries, and the same replacement
on the LHS of (28) provides the division into ratcheting regions R3 and R4. Their
common point of intersection (point A) is,
Point A: X' =l Y'=1 (30)

T
The final boundary is that between the stable plastic cycling region and the
shakedown region, which is given simply by Y’ =1 between points A and B.

The resulting complete, universal' ratchet-shakedown diagram, plotted on X', Y’

axes, is shown in Figures 8a,b. Following Ref.[6] we identify regions R1 and R2 as
having tensile ratchet strains in the axial direction and equal and opposite compressive
ratchet strains through the wall-thickness, but no ratchet straining in the hoop
direction. So, in these regions the pipe gets longer and thinner but its diameter
remains the same.

In contrast, in regions R3 and R4, the axial ratchet strain is compressive and there is
an equal and opposite tensile ratchet strain in the hoop direction, but no ratchet strains
in the thickness direction. In these regions the pipe diameter increases and the pipe
gets shorter, but its wall thickness remains the same.

Now we see the physical reason why a pressurised cylinder with no additional axial
load ( F = 0) cannot ratchet even for an arbitrarily large cyclic secondary global
bending load. It is because this case represents the perfect balance between tensile and
compressive ratcheting in the axial direction - and hence cannot ratchet at all.

8. Comparison with LMM

The problem has also been analysed using LMM. For reasons of computational
convenience, however, the Mises yield criterion was used in the LMM, as contrasted
with the use of the Tresca condition in the analytic solution. Consequently care needs



to be taken in making the comparison, and it is not to be expected that the two
solutions will agree precisely.

The LMM can be easily applied using the Abaqus CAE plug-in developed by Ure,
Ref.[13]. This takes an Abaqus linear-elastic analysis model from Abaqus CAE and
automatically modifies it to allow a LMM assessment to be performed. This is done
via a simple user interface that permits the user to specify the materials properties, the
loading sequence, the type of LMM analysis required and the loads to be factored as
part of the LMM process. There are three types of LMM assessment available in this
software: shakedown, steady cyclic state and ratchet limit. In this application both the
shakedown and ratchet solutions were requested.

The LMM assessment is performed in three stages. Firstly a linear-elastic analysis is
performed for each of the loads separately. This stage provides the elastic stresses,

o;(x), that are used to define the required loading for the LMM iterations. Secondly

the loading cycle is defined as a sequence of scaled combinations of the elastic
stresses and the LMM iteratively finds the steady state response of the structure. This

stage calculates an initial constant residual stress field, pj;, and a varying residual

stress field, pj; , for the specified level of loading. Finally, starting from the solution

from stage 2, the LMM finds the scaling factor that can be applied to an additional
constant loading that keeps the structure within the ratchet boundary at the required

level of cyclic loading. This updates the constant residual stress pj and calculates the

load factors Az and A, on the constant additional load that will keep the structure

within global shakedown (cyclic plasticity with no ratcheting). These factors provide
upper and lower bounds to the solution, the strategy being to ensure that these bounds
are very close, and hence bracket the true result tightly.

The meshes used for the evaluation of the ratchet boundary for the thin cylinder,
subject to constant internal pressure, constant axial load and cyclic secondary global
bending load, were modelled as a half cylinder. Four meshes were used to perform
sensitivity studies. Three of the meshes had r/t=29.5, the fourth had r/t=39.5. The
LMM results presented here are mainly calculated with a 2x32x2 mesh of C3D20R
elements with r/t=29.5. Four loads were applied: the internal pressure on the
cylindrical surface, the axial pressure end-load, the additional axial load, F', and the
cyclic bending load. The secondary global bending load was applied as a linear
temperature variation across the diameter of the cylinder and constraining the axially
loaded end of the mesh to remain parallel to the symmetry plane defined at the other
end of the mesh.

Mesh sensitivity checks were performed against the Bree problem. The cylinder
problem was then addressed firstly with zero pressure. The resulting ratchet-
shakedown diagram is shown in comparison with the analytic solution in Figure 9.
For this uniaxial case there is no distinction between the Tresca and Mises yield
conditions and the LMM results agree very well indeed with the analytic solution.

For non-zero pressure loading, in order to compare the Tresca analytical results with
the Mises LMM results, the X value of the LMM results is effectively re-scaled so
that there is agreement at X =1. The LMM ratchet-shakedown diagrams plotted on
this basis are shown in Figures 10-13 for o = 0.9, 0.5, 0.4 and 0.1. Bearing in mind
that the LMM and analytic solutions for differing yield criteria cannot be made
exactly comparable by any renormalisation, the agreement between the two is good.



Note in particular that Figures 12 and 13 show the downward sloping ratchet
boundary between the R3 and S3 regions when the net compressive axial load is
sufficiently great (tending towards X' — 0).

Finally, Figure 14 shows an LMM result for extremely large elastic secondary
bending stresses up to ¥ = 60, confirming that there is indeed a vertical asymptote at
F =0. This confirms numerically that ratcheting cannot occur if the only primary
load is pressure, however large is the secondary global bending load.

9. Conclusions

The ratcheting and shakedown boundaries have been derived analytically for a thin
cylinder composed of elastic-perfectly plastic Tresca material subject to constant
internal pressure with capped ends, plus an additional constant axial load, F, and a
cycling secondary global bending load. The analytically derived ratchet-shakedown
boundaries are shown for various pressure loads in Figures 3-7, for which attention is
confined to tensile axial ratcheting. However, the complete solution, covering also net
compressive axial loads and the possibility of compressive axial ratcheting, is
displayed by Figure 8 which is plotted on axes such that the ratchet-shakedown
diagram is applicable to any level of pressure (the 'universal' diagram).

The analytic solution has been found to be in good agreement with solutions for the
same problems addressed using the linear matching method (LMM) and the Mises
criterion, Figures 9-14.

When ratcheting occurs for an additional axial load, F, which is tensile, the pipe gets
longer and thinner but its diameter remains the same. When ratcheting occurs with
compressive F, the pipe diameter increases and the pipe gets shorter, but its wall
thickness remains the same. When subject to internal pressure and cyclic bending
alone (£ = 0), no ratcheting is possible, even for arbitrarily large bending loads,
despite the presence of the axial pressure load. The physical reason for this
remarkable result is that the case with a primary axial membrane stress exactly equal
to half the primary hoop membrane stress is equipoised between tensile and
compressive axial ratcheting, and hence does not ratchet at all.
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Table 1 FE Geometry and Loading (assuming a yield stress of 100MPa).

Pressure Loads Outer
T . Outer Addit.ional S(;llri;lc::
Radius Thickness Radius Axial I : 0 .a
r/t t Membrane | Internal | Axial | Bending
¥ (mm) fo Stress P Paiai | Stress o)
(mm) (mm) Faga (MPa) | (MP2) | (MPa) | (MPa)
(Induced by
T(x))
29.5 145 5 150 100 3.9146 | 55.800 +100
39.5 195 5 200 100 2.9234 | 56.286 +100

Figure1 A Distribution of Axial Stress and Plastic Strain which Produces Ratcheting
(corresponding to region R2 on the Bree diagram). These distributions
-« I+«
define the ratchet boundary for <X<l- and Y >1+«.
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1 —™—m———————— v
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\ strain
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First half-cycle stress; ~ ————"

Second half-cycle stress

First half-cycle plastic strain — — — - Second half-cycle plastic strain

Third half-cycle plastic strain

(Subsequent half-cycle strains not shown but obtained from the above by displacing
upwards by the same ratchet strain per complete cycle)



Figure2 A Distribution of Axial Stress and Plastic Strain which Produces Ratcheting
(corresponding to region R1 on the Bree diagram). These distributions

and ¥V <1+«

l+a
define the ratchet boundary for X >1—

VA
ratchet
strain
1 ——— — — — —
x -1
0
0,
p— a'._
Key —  First half-cycle stress; ~ ————" Second half-cycle stress

—  First half-cycle plastic strain — — — - Second half-cycle plastic strain

Third half-cycle plastic strain

(Subsequent half-cycle strains not shown but obtained from the above by displacing
upwards by the same ratchet strain per complete cycle)



Figure 3: x-Tensile Ratchet Diagram, a = 0.7 (asymptote at X = 0.15)
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Figure 4: x-Tensile Ratchet Diagram, a = 0.5 (asymptote at X = 0.25)

10 —— Fig.1 (alpha=0.5)
——Fig.2 (alpha=0.5)

R1/R2 boundary (alpha=0.5)
\ ------- Fig.1 (alpha=1) /

------- Fig.2 (alpha=1)

------- R1/R2 boundary (alpha=1)
— — asymptote (alpha=0.5)

T
I
I
I
I
!
I
: I
I
.. | )
b +
| R2
> 5 |
|
I
I
l
I
]
I
I
I
I
l




Figure 5: x-Tensile Ratchet Diagram, a = 0.3 (asymptote at X = 0.35)
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Figure 6: x-Tensile Ratchet Diagram, a = 0.1 (asymptote at X = 0.45)
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Figure 7: x-Tensile Ratchet Diagrams for o = 0.1, 0.2, 0.3.....1 (0. =1 has no
pressure load)
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Figure 8a:
X',Y" axes, applicable for any o)

The complete, universal ratchet/shakedown diagram (on re-scaled

10
InR3 and R4 the hoop ratchet is InR1 and R2 the axial ratchet is
tensile and there is a balancing tensile and there is a balancing
reduction in pipe length reduction in wall thickness
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Figure 8b:  The complete, universal ratchet/shakedown diagram (on re-scaled
X', Y’ axes, applicable for any a)
In R3 and R4 the hoop ratchet is In R1 and R2 the axial ratchet is
tensile and there is a balancing tensile and there is a balancing
3 reduction in pipe length reduction in wall thickness
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Figure 9: LMM Ratchet and Shakedown Boundaries Compared with the
Analytic Solution, on XY axes and confined to X >0 for Zero Pressure (0. =1)
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Figure 10: LMM Ratchet and Shakedown Boundaries Compared with the
Analytic Solution, on XY axes and confined to X >0 (a=0.9)
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Figure 11: LMM Ratchet and Shakedown Boundaries Compared with the
Analytic Solution, on X,Y axes and confined to X >0 (a=0.5)
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Figure 12: LMM Ratchet and Shakedown Boundaries Compared with the

Analytic Solution, on XY axes and confined to X >0 (a=0.4)
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Figure 13: LMM Ratchet and Shakedown Boundaries Compared with the

Analytic Solution, on X,Y axes and confined to X >0 (a=0.1)
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Figure 14: LMM solution for a = 0.5 showing the asymptote chased to an
extremely large Y value of 60 (thus demonstrating that there is no
ratcheting at zero additional axial load)
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