Chapter 40

Pitfalls of Popularisation

Popularisers of physics have a tough job. We must allow them considerable
latitude asregardsstrict accuracy. Rigour is often the enemy of
comprehensibility. Neverthelessit isinstructive to examine some sinsthat have
been committed.
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Presenters of popular science programmes can sometimes get alittle carried away.
Quantum mechanicsis particularly easy to misrepresent in the heat of the moment.
Here we examine and moderate some of the claims which have been made.

1. Can a Macroscopic Object Spontaneously Escape from a Box?

The presenter shows us a 60g object which he placesinside a box which isroughly a
50mm cube, complete with lid. This purportsto be an illustration of Heisenberg’s
uncertainty principle. How long, he asks, will we have to wait before the object
spontaneously appears outside the box? He supplies the answer as follows,
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where L =0.05m isthe size of the box, S~0.04 misthe size of the object, and m=
0.06 kg isthe mass of the object. As an illustration of the uncertainty principle thisis
fine. Neglecting factors of order unity, Equ.(1) may be derived as follows. Confining
the object in the box implies a minimum momentum of p~ /L. If the object isto
appear outside the box, the uncertainty in its position must be of the order of its size,
so that the uncertainty in its momentum is Ap ~/2S. The length of time we must
wait isrelated to the uncertainty in the object’s energy by t ~ 7/ 2AE . Finaly, the
uncertainty in momentum and energy are related by AE = pAp/m. Putting these
together does indeed produce (1).

Inserting the numerical valuesin (1) gives a comfortingly long time before the object
(ostensibly) materialises outside the box: ~10% s ~ 10™ times the age of the universe.
So everyone is happy that the probability of the object spontaneously escaping is
sufficiently small that, for all intents and purposes, it will just not happen, thus
conforming to our experience.

t

Well, no. Actually I’m not very happy that a probability of ~10% per year is small
enough. After al there are ~10?* stars in the observable universe, so there are an
awful lot of places where such behaviour could occur. Recall that the first nuclear

reaction in solar mass stars, p+ p—> D +e* +v, typicaly has areaction time of ~10™

years. The protons have a probability of only ~10™" of undergoing this reaction each
time they collide. Y et thisreaction is responsible for the sequence of events which
leads to the formation of al the chemical elementsin the universe (beyond lithium).
My suspicion is that the probability for the object to escape the box is actually far
smaller than 102 per year. It is, as we shall now see.

Something crucia has been missed in the estimate given by (1) — namely, the box!
What has been calculated is the probability for spontaneous teleportation over a
distance of 40mm through empty space. But really the object must get through the



wall of the box. This makes the probability far, far smaller. Of course it does. If we
make the box strong enough, the object is not going to get out — just as you’d expect.
In fact, even aremarkably feeble box will prevent the object escaping for much, much
longer times than implied by Equ.(1).

Heisenberg’s uncertainty principle is no longer sufficient to calculate the confinement
time when the object has a box wall to penetrate. We are now in the realms of
guantum tunnelling. An order of magnitude estimate of the tunnelling probability is
easily made. The two key parameters are the thickness of the box wall (a) and the
energy which would be required to push the object into the wall (V). The latter isa
measure of the strength of the wall. In reality this potential energy barrier is going to
be very large. Two solids do not usually superimpose to occupy the same space. The
attempt to force them to do so would usually result in one of them breaking up. This
illustrates the very substantial energy required. Even if we assume there was enough
interstitial space within the lattice of the two solids, the lattice disruption of both the
object and the box wall would lead to avery large energy requirement. Fortunately,
though, it is not necessary to attempt any realistic estimate of this barrier energy.
Instead we shall assume a paltry 1 Joule, amost certainly several orders of magnitude
smaller than the true potential barrier.

The relationship between momentum and non-relativistic kinetic energy is
E=p?/2m and p=7k.When within the wall, the object has a kinetic energy which
is negative, namely -V , and hence impossible classically. In guantum mechanics this
means that the wave-vector isimaginary, k =iv2mV /7. The normally oscillatory
wave expfik} is therefore an exponential decay exp{-+2mV - x/ 1}. Consequently the
probability amplitude on the outer surface of the box is smaller than that on the inner
surface of the box by afactor exp{— Jamv -a/ h} But probabilities are the absolute

sgquares of probability amplitudes, so the probability of the object tunnelling through
thewall isroughly,

Tunnelling probability ~ exp{— 2 thv - a} ©)
Substituting V ~ 1 Joule and, say, a ~ 0.001 m, gives,
Tunnelling probability ~ expf- 6x10%} 3)

Now that isasmall number! To drive home just how small, consider this. Really (3)
givesthe probability of tunnelling through the wall at every attempt to do so. But how
frequently is the object making the attempt? A crude approximation isto assume that
an attempt to penetrate the wall is being made on every ‘cycle’ where the cyclesin
guestion relate to the frequency derived from the object’s energy. Let’s give the object
lots of energy by raising it to 3000K. Its typical thermal energy isthen kgT =

4x 10%°J (where kg is Boltzmann’s constant). The associated frequency is ~6 x 10™

Hz. So we must multiply (3) by 6 x 10" to get the probability of escape per second.
Alternatively, we must multiply (3) by 2 x 10** to get the probability of escape per
year. SO we get,

Tunnelling probability ~ 2 x 10%* x exp{— 6x 1030} per year (4

How much difference has it made to have multiplied (3) by 2 x 10°*? Effectively no
difference at al because (4) isthe same as,



Tunnelling probability ~ exp{49 —6x10%° }z exp{— 6x 1030} per year (5)

which isidentical to (3)! Note that the “=" sign in (5) isjustified to an accuracy of 29
decimal places.

Unlike the comparatively huge probability of ~10%* per year given by (1), the
probability given by (3) = (5) really is effectively zero. Even if there were 10°%
universes in the multiverse (enough perhaps to realise every possible string theory)
and even if they all survived for 10°° years, this would make negligible impact on the
probability for the object to tunnel through the box wall within the life of any of these
universes. It would remain as given by (3) to an accuracy of 26 decimal places.

So when people say, “in principle, the object could spontaneously appear outside the
box if you waited long enough” I think it is best to simply regard this as untrue for
macroscopic objects, for all practical purposes.

2. IsEverything Connected to Everything Else?

The presenter explains the uncertainty principle to the audience. “Two electrons”, he
says, “can never share the same quantum state”. He takes up an object and says that
the electrons in the object cannot share a quantum state with any other electronsin the
universe. He warms the object in his hand, remarking that this will cause some
electrons to move to a higher energy quantum state. He then confounds the audience
by claiming that, as aresult, every electron in the universe has had to react to this
change of state within the object. What can he mean by this?

It would appear that he cannot mean literally every electron in the universe because,
limited by the speed of light, after atime t only those electrons within a distance ct
could possibly be affected — or so you might think. But we have already seen that
entangled particles are no respecters of superlumina constraints— but only in a
limited sense.

Suppose two hydrogen atoms are remote from each other and aso remote from
anything else. They are both in their ground state. (For this purpose we are ignoring
the existence of electron and proton spins— or, equivalently, we are assuming the spin
states of the two electrons, and the two protons, are the same). Are the electronsin the
same quantum state? The answer is “no” by virtue of thetrivial fact that they are at
different locations. A semantic confusion can arise because, in many contexts, the two
electrons might be described as being in the same state, i.e., the hydrogen atom
ground state. But this really means the corresponding, or equivalent, state, not literally
the same quantum state. Call the electron states corresponding to the atom on the | eft
and theright |1) and |2) respectively. The state of the two electrons can be written as

adirect product, adopting the convention that electron No.1 iswritten on the left. So
|1 2) isthe state of electron No.1 being in the ground state of atom 1 and electron
No.2 being in the ground state of atom 2. Conversely |2)|1) is the state of electron

No.1 being in the ground state of atom 2 and electron No.2 being in the ground state
of atom 1.

These situations are indistinguishabl e because the electrons are identical. But actually
neither of these mathematical specificationsis correct. The reason is the exclusion
principlein its more general form, the spin-statistics theorem. This requires that the
guantum state of many identical fermions must be completely antisymmetric with



respect to interchange of any pair of the fermions. So the two particle state of the pair
of ground state electrons is actually,

vy =12 |2 ©

Note that if we tried putting both electrons into the same state, i.e., on the same atom,
the above expression would vanish — in compliance with the exclusion principle. Now
the remarkabl e thing about the state (6) is that it shows that the two electrons are
automatically entangled. (Recall that two particles are entangled if their state cannot
be written as adirect product of one-particle states). One cannot say whether No.1
electron ison atom 1 or atom 2. It is delocalised. Suppose we excite atom 1 so that its
electron state changes from |1) to |1e). The state of the two electronsis thus,

ve) = 192~ [2}1e)] o

Which electron has been excited? It could be either. Of course it could, they are
identical. In this sense the excitation of atom 1 does affect both electrons. But atom 2
is unaffected because whichever electron is excited the other electron is on atom 2. So
the mystery is not that there is some strange action-at-a-distance going on, but that the
electrons are delocalised. They have to be in order to respect the requirement for an
antisymmetric wavefunction, which implies the exclusion principle and which in turn
implies the solidity of matter.

Does the entangled, anti-symmetric wavefunction of a pair of el ectrons have any
observable consequences? Yes, it certainly doesin suitable circumstances. Consider
the two electrons in the first excited state of a helium atom. Assume firstly that they
arein aspin state which is symmetrical under interchange, i.e., one of the triplet states
with unit spin. Their spatial state must therefore be anti-symmetric. In afirst order
perturbation approximation, this two-particle state can be considered as comprised of
the single particle states u, and u, . These are the hydrogenic spatial states but with a
doubly charged nucleus (Z = 2), zero orbital angular momentum and with principal
guantum number, n, equal to 1 and 2 respectively. The latter isthe lowest single-
particle excited state. To first order the spatial part of the two-electron wavefunction
isthus,
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If there were no interaction between the electrons, (8) would be the exact
wavefunction for the first excited state of helium and its energy would be E; + E,,

20:°mc? . . )
. But the Coulomb interaction between the two el ectrons will

where E, =-
n

cause the energy to differ from simply E; + E,. To first order the change in the energy
level is given by the expectation value of the interaction potential in state (8), i.e.,
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But due to the form of the wavefunction, (8), we can write this as,



so that the energy level of the excited two-€lectron state becomes,

E, + E, + AE; — AEE (10b)
N (= )2
where, AEc =€*[] |u1(ri)u2_(r2)| 3r,d3r, (10c)
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Here AE. isthedirect Coulomb energy due to the electron-electron interaction. One
might expect the energy shift to be simply thisAE.. . But (10b) shows that the energy
isalso shifted down by AEg, the so-called “exchange energy” — because it originates

from the term which exchanges the two electrons. Note that (10d) evaluatesto a
positive quantity, so the exchange energy does result in (10b) being alower energy
level. Notice that this results from the minus signin (8), i.e., the antisymmetry of the
wavefunction as required by the exclusion principle.

Had we considered the antisymmetric spin state (the singlet state of spin zero which
has the two electron spins oriented in opposing directions) then the spatial
wavefunction would have to be symmetric under interchange so as to make a
wavefunction which is overall antisymmetric. The minus signin (8), and hencein
(10a), would become a plus sign. Consequently it follows that the first excited state of
helium will have atriplet electron spin state and an energy given to first order by
(10b,c,d). The second excited energy level iSE; + E, + AE¢ + AEg and involves a

singlet electron spin state. This simple prediction based on the required antisymmetry
of the wavefunction is easily confirmed by spectroscopy.

However, one need hardly be impressed that the two electronsin a helium atom are
“connected”. The claim made above is that even two electrons which are remote from
each other are somehow connected. Returning to our earlier example of two hydrogen
atoms we can make them resemble the helium atom example by conceding a slight
interaction between them. However, in this case any “connection” between the
electrons can merely to be interpreted as aresult of thisinteraction. Can some
“connection” occur even when there is absolutely no interaction? There is aready
example for entangled particlesin the EPR paradox. In contrast to (6), suppose we
assume a spatially symmetric state but an antisymmetric spin singlet state,

v)=5[012 +[ 2N -] (1)

The “connection” between the two electrons consists of the spin of both electrons
being indeterminate, but neverthel ess the spin of one may be deduced by measuring
the spin of the other — and without any physical signal being transferred between
them. But this sort of entanglement “connection” is limited as regards what it may
accomplish. In particular the connection does not provide a channel for the transfer of
information. What can it do...? Add.

Consider N electrons, labelled 1, 2, 3... which are each in one of the distinct states
labelled u,,,u,u,..... These states should be understood to include both the spatial

and spin parts. The state which is completely antisymmetric under interchange of any
pair of electronsis given by the determinant,
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Thereare NI termsin (12), each of theform u,, (iJu,(j)u, (k)... One wonders at the

meaning of this. Even for a quite modest number of electrons, say 20, the number of
termsin (12) is greater than 2 x 10'® (more than the number of seconds since the Big
Bang). If all the electronsin the universe share asingle, totally antisymmetric state
like (12), the number of terms the expression for the wavefunction would contain is
monstroudly large. Is this the sense in which “everything is connected”? It seems
dubious.

It should be recalled that pure states are not the most general description of a quantum
state. The density matrix provides a more general description. Pure entangled states
will tend to decohere very quickly into classical mixtures under the influence of
environmental interaction. Suppose we start with atwo-particle spin singlet state. The
environment first becomes entangled with it as a consequence of the interaction, thus,

SI9-m) envp%uww e | ) 1) env2) (13)

The crucial thing about (13) is that the environment evolves differently according to
whether the system is | T)|{) or [4)[1). Thisis perfectly reasonable. Suppose the

environment consists of just one molecule which is closer to the first atom of the
system than the second. Suppose al so that the environment interaction is spin

dependent. Then it is natural for the interaction strength to differ between 1)1} and
V)| 1) . But tracing out the environment |eaves the state as a classical mixture of

7)) and [4)| ). Theinitial pure entangled quantum state, which could have been

used to drive teleportation or encryption, the hallmarks of “connectedness”, has been
made classical and is no longer useful in these respects. Large systems with many
electrons are likely to decohere even more readily. So, in practice, decoherence will
severely restrict the “connectivity” due to entanglement.

Thereis, however, aresidual doubt. Decoherence consists of the system becoming
entangled with the environment, as shown by (13). Choosing to ignore this— by
tracing out the environment — does not mean that it does not exist. Does the
entanglement and hence the spacelike-separated ‘connectedness’ really persist despite
decoherence? I's everything connected to everything else? Shit, | don’t know.

Can't be left like this.

Perhaps split 81 and 82 into separate Chapters. Could look for other examples of
howlers.
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