Chapter 23

Cosmic Geometry: FLRW Spacetimes

Space and timein general relativistic cosmology; Friedmann-L emaitre-
Robertson-Walker spacetimes; positive and negative curvature and whether the
universeisfiniteor infinite; thecritical density revisited; the cosmological
constant and itsimplicationsfor universal expansion.

Last Update: 25/2/2012

1. General Relativity and Cosmology

At therisk of heresy, whether general relativity is essential in cosmology would make
an interesting debate. The defining features of general relativity are the absence of a
preferred coordinate system and the curvature of spacetime. Y et the standard model of
cosmology is based upon a preferred cosmic time coordinate, and observational
evidence is consistent with spacetime being flat. Be that asit may, general relativity
provides a broader forum for discourse than a Newtonian outlook and looses nothing
by admitting the possibility of spacetime curvature, to be decided by observation.
Personally | have always found the notion of a positively curved space comforting,
providing asit does an elegant answer to every child’s question, “what is beyond the
edge of the universe?’. Only general relativity provides the neat answer that space can
be finite but unbounded. Many people, however, would prefer the universe to be
infinite. Perhapsit is.

The expansion of the universeis probably the best argument in favour of the general
relativistic perspective. This could possibly be understood dynamically rather than
geometrically, for example by the Newtonian cosmology model (see Chapter 57). But
thisis obvioudly fraught with problems. If comoving observers are both equivalent
and experience non-uniform relative motion, then some form of relativity of non-
uniform motions appears unavoidable — enter general relativity. The apparent
acceleration in the cosmic expansion is a further motivation for a general relativistic
formulation. An explanation in terms of a cosmological constant is mathematically
natural in the Einstein field equations (if physically mysterious).

Consequently, this Chapter explains the geometrical aspects of the standard general
relativistic cosmological models and how they expand.
2. The Einstein Field Equations

Thefield equationsin general form are stated here only for completeness. The far
simpler (Friedmann) equations suffice to discuss the standard homogeneous
cosmological models. However, the point is that the Friedmann equations are the
result of applying certain simplifications to the Einstein field equations. It isimportant
to appreciate this, though it will not be proved here.

Newtonian gravity is based on asingle scalar potential which obeys a Poisson
equation, V24 = 42Gp . In this equation, the mass density, p, is the source of the

gravitational potential, ¢. Thus, apoint source p = M&°(r) gives the familiar solution
¢ =-GM /r . Ingeneral relativity, the single scalar potentia is replaced by ten

potential functions which form the components of a symmetrical rank two tensor in
the four dimensions of space-time, g, . This tensor is the metric tensor of space-time,
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defined so that the line element ds between any two neighbouring points (events) in
space-time is a co-ordinate system invariant quadratic form in the co-ordinate
differences between the points, i.e.,

ds® = g,,5dx” dx” (1)

This line element with respect to any curvilinear coordinate system in spacetimeisthe
generalisation of the Minkowski line element in special relativity, ds? = c2dt2 - |dr{’.

That the metric tensor is also the potential field of gravitation isthe magjor insight of
general relativity and leads to elucidation of the equality of inertial and gravitational
mass. In place of the linear Poisson equation we have the non-linear Einstein field
equations. There are ten of these, which, with suitable boundary conditions, may
suffice to determine the ten unknown potentias, g.s. They can be written,

872G

E,uv + Ag,uv = _C_4Tyv (2)

where E =R, -LRg,: R=R% =g¥R (3
’ wv = uv 2 gy\u = a=4d of

al'ld, R/”’ = Rayal/ = gaﬁ Rﬁ#av (4)

and, RYupv =T uvp =T puy =T pT 0 + T0 T ©)

and [ =g | ] ()
' By =Eg gﬂy,r _gﬁr,y _g}/r,ﬂ

where Greek indices stand for the four spacetime coordinates and we have used the
convention that repeated indices are summed. A comma before an index implies

. o - X .
ordinary partia differentiation, e.g., X, 5 = Z Zj . The metric tensor can be used to
X

lower or raise indices to convert between covariant and contravariant forms. Note that
we have written (2) using atime-like convention for the metric, with gy, >0, which

requires the minus sign on the RHS of (2).

The Einstein tensor has been denoted E, , and is defined in terms of the metric
tensor, g5, and itsfirst and second derivatives through (3-6). The field equations, (2),

are linear in the second derivatives of the metric tensor, but quadratic in the first
derivatives. However there are also various factors of g around. In short, the field
equations are nastily non-linear. A more detailed explanation of these mattersis
beyond the scope of this Chapter, but see for example Adler, Bazin and Schiffer (1975)
or Misner, Thorne and Wheeler (1973).

The LHS of thefield equation, (2), isthe most general expression whichislinear in
the second derivatives of the metric and also generally covariant (i.e. a second rank
tensor with respect to arbitrary curvilinear coordinate transformations). It was these
two requirements which led Einstein to these equations. An additional requirement is
that permissible spacetimes must be locally Lorentzian. This means that within any
small region the spacetime can be approximated by a Minkowski coordinate system.

Whatever appears on the RHS of the field equations, (2), acts as the source of gravity.
In the Einstein equations, (2), the energy-momentum tensor occurs in place of what

Page 2 of 23



was just the mass density in the Newtonian Poisson equation. We have written (2) so
that T ,, has units of energy density. The oo component of the energy-momentum

tensor is the nearest equivalent to the Newtonian density, just as the oo component of
the metric tensor is the nearest equivalent to the Newtonian potential (modulo unity).
Also onthe RHS of (2) is G, the universal gravitation constant, identical to Newton’s
universal constant of gravity (6.67 x 10 m*kg™s?). General relativity introduces no
new universal constants (in contrast to the standard model of particle physics).

Finally, the scalar A on the LHS of (2) isthe infamous Cosmological Constant.
Mathematically this can appear in the equation because E,,, + Ag,,, isthe most

general rank two tensor which islinear in the second derivatives of the metric. Both
E,, and A havedimensions L2 (MK S unit m?), the dimensions of curvature. This

matches the units of the RHS of (2). Notethat g, isdimensionless. Thus, the

cosmological constant has units consistent with an interpretation as a form of
4
curvature or, alternatively, &, = é\iﬂG can be considered as an energy density. This

latter perspective yields the interpretation of the cosmological constant as some form
of “dark energy”. Moving the cosmological constant term to the RHS of (2), it

. 872G .
appears as a source term. The RHS is then _c_“(T’” + ngyv)- Y ou might be

forgiven for concluding from this (erroneously) that a positive cosmological constant,
&, >0, would act like a positive mass-energy density and hence produce an attractive
gravitational effect. Thiswould be the caseif only the g,, component were relevant

in this expression. But thisis not the case. If the metric is approximately
Minkowskian then the total effect of the cosmological constant is given by atensorial
source,

10 0 0
0-10 0
.
Mo o0 -1 o (7)
0 0 0 -1

The negative pressure terms turn out to be dominant and result in aform of repulsive
gravity.

3. The Friedmann Equationsand the FLRW Metric
The general formulation of the field equations, (2-6), is rather forbidding. Fortunately

the assumptions that underlie the standard cosmological model lead to a dramatic
simplification. These assumptions are,

e Thereisauniversal (cosmic) time co-ordinate, t;
e The spatia 3-spaces defined by t = constant are isotropic and homogeneous.

The latter condition is essentially a generalised Copernican principle: thereisno
preferred place or orientation in the universe. Theideais that the universeisfilled
with a substratum of material, energy, etc., which is uniform on a suitably large
gpatial scale. A “co-moving observer” is one who moves along with this material
substratum. The centres of gravity of sufficiently large clusters of galaxies are
expected to be co-moving: they are embedded in the “Hubble flow”. In contrast,
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individual galaxies, and matter on all smaller scales, will be affected by peculiar
motions — local motions which depart from the Hubble flow.

The most general solution of the Einstein field equations under the above simplifying
assumptions is the Friedmann-L emaitre-Robertson-Walker (FLRW) metric,

2
ds? = c2dt? - R(t)z{ drk > +12do? +r?sin? H.d¢2} (8)
1-kr

In (8), r isadimensionless coordinate marker. The range of valuesit is permitted to
takeisnot yet clear and will be clarified below. It isnot in general valid to assume
that r can take any positive value. The variables 6,4 take the same range of values as

polar coordinatesin flat space, i.e., 0<¢ <27, 0<O<rx.In(8), k isadimensionless
constant which will be seen to correspond to the spatial curvature: k >0 being
positive curvature, k <0 being negative curvature, and k=0 being spatially flat. The
magnitude of k will not alter the underlying geometry since it can be removed from
the metric (8) by the replacements 72 =|k|r2, R(t)*/|k|=R(t)* /|x|. However the sign
of k iscrucial.

The spatial dimensions of the metric are carried by the term R(t). The solution, (8), is

not a unigque metric but a class of metrics depending upon the functional dependence
of R(t) onthetime coordinate, t. Thisin turn depends upon the contents of the

universe, i.e., the sourceterms T, and A in (2). The sources must be consistent with

the assumed homogeneity and isotropy of the spacetime. A ssmple assumption for the
stress-energy tensor consistent with homogeneity and isotropy isthat it corresponds to
afluid of density o and pressure p, and hence,

2

pc? 0 00
0 p 0o
= 9
hﬂ}oopo 9)
0 0 0 p

where homogeneity requiresthat p, p do not depend upon the spatial coordinates but

will depend upon time in general. The condition that (8) and (9) be a solution to the
Einstein field equations, (2), reduces to just two equations which must be obeyed by

R(t),

2
R= —4ﬂe( p+ %)g + —Ag R (10a)
2
R =87 GpR? _ke? + AT R? (10b)
3 3

These are the Friedmann equations. In the case that the contents of the universe are
matter dominated and with negligible pressure, conservation of mass means that pR>

will be constant. In this case, differentiating (10b) allows (10a) to be derived for
p=0, so the two equations are not independent. More generally, when pressure is not

negligible, differentiating (10b) and subtracting from (10a) gives the so-called fluid
equation,
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CZ%(pRS)—F p%(F@):o (12)

For agiven universal expansion, R(t), (11) relates the pressure and density of the
fluid: it isthe equation of state for the fluid. Modulo some numerical factor involving
7w, thefirst term in (11) isjust the rate of change of the amount of mass-energy in a
sphere of radius R. Including the same numerical factor, the second termin (11) is
pdV per timeinterval dt, i.e., the work done by the radiation and matter in expanding
during that period. Hence we recognise (11) as the thermodynamic statement that the
changein internal energy balances against the work done by the fluid in expanding.

Note that (11) makes rigorous our previous claim that pR® is necessarily constant in
FLRW spacetimesif p=0, whatever the underlying geometry. The pair of Friedmann
equations, (10a) and (10b), can equivalently be replaced by (10b) and (11).

We can now see why a positive cosmological constant causes aform of repulsive
gravity. Firstly we note that if A >0 then the cosmological term on the RHS of (10a)
has the opposite sign from the matter term involving the fluid density and pressure.
Since the LHS of (10a) is acceleration, thisimplies atype of repulsive gravity causing
positive acceleration, R. But why isthe sign of the A term on the RHS of (10a)
positive? This can be understood as follows. The cosmological term, (7), can be
mimicked by afluid energy-momentum tensor, (9), if we choose the density to be

p =&, 1c? and the pressure to be negative, p=-¢, . The effect of the cosmological
term can then be deduce from the first term on the RHS of (10a), which becomes,

Ax [ 3p) 47 GR 87 GR Ac?
_ZGR p+ 2 =2 2 (g, — =—— = =—"R 12
3 P Czj 3 o2 (§A 351\) 3 o2 SA 3 (12)

in agreement with the second term on the RHS of (10a). The point of thisisthat it
shows that the coefficient of the A term becomes positive as aresult of the tensorial
source, (7), having negative pressure. The ‘density’ part of dark energy produces
normal attractive gravity. It isits negative pressure which causes the repulsive effect,
and this dominates.

In the case of zero cosmological constant and zero pressure, the first Friedmann
equation, (10a), isidentical to the equation of motion for a Newtonian cosmology -
see Equ.(4.1) of Chapter 57 — because the RHS is then just the Newtonian

gravitational force on a unit test mass, — 47RGp/3=-GM / R? . Hence the second
Friedmann equation with A =0 aso appliesin the Newtonian model, see Equ.(4.5) of

Chapter 57, but the constant k now arises as an integration constant, to be determined
by someinitial conditions, rather than as spatial curvature.

Actually we have already come across the second Friedmann equation with A =0 in
another guise, namely in Chapter 11, Equ.(3). This gave the total non-relativistic
energy, E , of asmall test mass, m, in terms of the kinetic and gravitational potential
energies. Re-arranging it gives,

87 2E

R? GpR? + = 13
3 A - (13)

Comparison with (10b) leads to another interpretation of the parameter k as

proportional to the total energy per unit mass, but of opposite sign, kc? = —2E/m. The
elementary arguments of Chapter 11 have already allowed us to conclude that the

Page 5 of 23



universe will expand indefinitely if E>0 but will reach a maximum size and re-
contract if E<0. Consequently, in the case of zero cosmological constant we can
expect that k <0will correspond to an indefinitely expanding universe, whereas k >0
will produce a universe which reaches a maximum size and re-contracts. We shall see
shortly that thisisindeed the case. But we will also see that a non-zero cosmological
constant changes this simple picture dramatically.

4. FLRW Space with k > 0 as a Hyper sphere Embedded in 4D Euclidean Space

So far we have not explained why the FLRW metric, (8), with k >0 should be
regarded as having “positive curvature”. Note that we are concerned here with the
curvature of the 3D sub-spaces defined by a constant time coordinate, not the
curvature of spacetime. In general the spatial part of a solution to the Einstein field
eguations cannot necessarily be embedded in a higher dimensional Euclidean space.
However it so happens that this can be done for the FLRW metric when k> 0. In fact,
the spatial part can be interpreted as the surface of a 3-sphere embedded in a4D
Euclidean space. Thisisthe most convincing way to demonstrate that it is positively
curved. But note that this does not imply that there is anything physically real about
the 4D embedding space.

Call the Cartesian co-ordinates of the hypothetical 4D Euclidean embedding space xi,
X2, X3, Xa. A 3-sphere of radius R in this space is defined by,
X2 + X5 + X5 + x5 = R? (14)

Note that neither x4, nor any of the other co-ordinatesin (14), have anything
whatsoever to do with the time co-ordinate, t, in spacetime. We are considering only
the spatial part of spacetime, at some fixed time.

The line element in the 4D embedding space will be denoted ds,, whereas aline
element within the 3D sub-space spanned by X1, X, X3 will be denoted ds;. In terms of
spherical polar co-ordinatesin thislatter 3D space we can write,

ds? = dp? + p2(d6? +sin? 0 dg?) (15)

Note the usual convention that dp?means (dp)?, not d(p?). Where the latter is meant
it will be written explicitly. We have,

X = pSiN@cosg , X, = pSin@sing , X3 = p COSO (16)
e, PP =X2 + X3 +x%3 (a7
and the 4D line element is given by ds7 = ds3 + dx3 (18)
Now by taking the derivative of (14) we can find dx, as follows,
3
> x;dx;
dexl + XZdXZ + X3dX3 + X4dX4 = 0:> dX4 = - i::LX (19)
4
3 1 (2 2,2\ 1. >
But, > xdx; =E-d(xl +x2+x3)=§d(p ) (20)
i=1
and from (14) and (17) x5 =R? - p? (21)
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» Japdf  p2ap?
Hence, (19) becomes, (dx,)* = 4(R2 e ) = (RZ e ) (22)

Hence, (18) with (15) and (22) give,

dsf=dp2+p2(d92+sin29-d¢2)+(m)
R2—p2
(23)
R2dp? .
-2 _ppz + p2(d6? +sin2 6. dg?

Both p and R have dimensions of length. Switching to the dimensionless coordinate,

r=p/R (24)
(23) becomes,
2
ds? = R (ldr—z)+r2(d92+sin249-d¢2) (25)
—-r

So we can identify (25) with the spatial part of the FLRW metric, (8), for k> 0. Since
ahypersphere clearly has positive curvature, this establishes that the spatial part of the
k>0 FLRW metric has positive curvature.

This embedding directly demonstrates that the positively curved FLRW space is
finite. This conclusion will be reinforced shortly by calculating its volume.

Moreover, the correspondence between (8) and (25) means that we can interpret the
parameter R(t) appearing in the FLRW metric as the radius of the hypersphere. This
‘radius’ livesin the embedding space, not in our spacetime, and hence need have no
physical reality. Nevertheless, this embedding provides a homely interpretation of the
positively curved FLRW metric which is unfortunately not possible for the k <0 case.

5. Can the k <0 FLRW Space be Embedded in 4D Euclidean Space?

The reason why the embedding of the positively curved FLRW space in 4D is helpful
is because it is sufficiently similar to a spherein 3D, which we can visualise.
Unfortunately, the equivalent negatively curved 2-surface, the hyperbolic plane,
cannot be embedded in 3D Euclidean space (though that has not deterred Daina
Taimina and others from creating attempts at its likeness in wool, see Henderson and
Taimina (2001) and Figure 1). We are therefore unable to visualise even a 2D
negatively curved surface, let alone the 3D negatively curved FLRW space.
Moreover, the negatively curved FLRW space is not embeddable in 4D Euclidean
space anyway, so even if we could visualise four dimensionsit would not help.
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Figurel: A Rendering of the Hyperbolic Planein Wool
(by Daina Taimina, 2005) need permission

344
Iy
h.\".

We will not attempt a general proof of the latter claim. However it isinstructive to
make afew obvious attempts. For example one might guess that the FLRW space
with k<0 might relate to a hyperboloid in 4D such as,

X2 + X5 + X5 — x4 =R? (26a)
or, - (x12 + X5+ x§)+ x5 = R? (26b)
However, if the 4D space in question is Euclidean so that itsline element is

dsZ = dx? + dx2 + dx2 + dxZ, asin 84, then neither of (26a,b) reproduce the FLRW
metric, asisreadily shown by following the same approach asin &4. Let us
demonstrate this using (26b). The spherical polars for the subspace X1, Xz, X3 are
employed unchanged from before. By taking the derivative of (26b) we find dx, as
follows,
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3
> x;dx;

— (Xg0xy + X 0%, + XgXg )+ X40X, = 0=> dx, =+ " (27)

But, Zsixidxi =%-d(x12+x§+x§)=%d(p2) (28)
=

and from (26b) x5 =R? + p? (29)

Hence, (27) becomes, (dx,)? = [d (p 2)]2 _ 7o’ (30)

4R? + p?) (R?+p2?)
If the 4D embedding space is assumed to be Euclidean then (15-18) hold and so
dsZ = ds3 +dxj with (30) leadsto,

2 2
ds? = dp? +p2(d¢92 +sin29-d¢2)+ £ do .
" +R

R? + 252 [dp? (31)
- + p2(d6? +sin2 - dg?
+p

which is not the same as the FLRW metric, (8), as we anticipated. However, an
embedding is possible if we assume the 4D embedding space isitself Minkowskian,
that is assuming the metric,

ds? = ds? — dx? = dx? + o2 + dxZ — dx? = dp? + p2(d? +sin2 0 dp? ) o (32)

in place of (18). In this case (31) becomes,

2 2
ds? = dp? + p?(do? +sin2 0 dg?)- 2P
o°+R
2 2
_ R, p2(462 +sin? 0- dg?) (33)
R+ p
dr?

_R? m+r2(d02+sin20-d¢2)

where r = p/ R, and (33) isthe same as the spatial part of the FLRW metric, (8), when

k <0. Note that this requires an embedding of a 3D space-like region into a4D
Minkowski space and so does not aid true visualisation since we cannot really
visualise Minkowski space. The 3-surface given by (26b) is a hyperboloid when
plotted on (x;, X, X3, %, ) coordinates. This plot can be realised by suppressing one of
the first three dimensions and plotting in, say, (x,,x3,x,) coordinates. The FLRW
space appears as a hyperboloid of revolution. Thisis misleading, though, since the
(x,,%3,%,) plot encourages one to imagine that (x,, %3, %, ) is Euclidean, but really it
is Minkowskian. However it isindicative in one respect: the hyperboloid isinfinitein
extent, which faithfully indicates the fact that space in the negatively curved FLRW
spacetime isindeed infinite. Thiswill be demonstrated directly shortly.

Note that this embedding of the spatial part of the negatively curved FLRW metric
induces an embedding of the whole 4D spacetime into aflat 5D manifold with
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signature (-,—,+,+,+) . How would we distinguish between the two candidate time
directions?

Rather surprisingly, any solution of the Einstein field equations can be embedded in a
Ricci-flat 5D manifold, aresult known as the Campbell-Magaard theorem, Campbell
(1926), Magaard (1963).

6. But Why Does k<0 Mean Negative Curvature?

Strictly 85 has not conclusively shown that the k < 0 solution is negatively curved.
Had we shown it equivalent to the hyperboloid (26b) in Euclidean space then that
would have clinched the matter. But it is not obvious (to me, anyway) that negative
curvature isimplied by the embedding in Minkowski space. The issue can be decided
by evaluating the Ricci scalar of curvature for the 3D part of the metric. Misner,
Thorne and Wheeler (1973), 827.6, gives an expression for the Riemann tensor in any

3D space of uniform curvature. From thisit follows that the Ricci scalar is6k / R?,
check hencethe sign of k isthe sign of the curvature. However there is another way
of demonstrating thiswhich | find more satisfactory.

Consider theratio of the circumference of acircleto itsradius. In flat space thisis
27 . In apositively curved space the ratio will be <27 . To seethisjust imagine a
circle on asphere. Theradia arc lying on the surface of the sphereislonger than the
true radius through the inside of the sphere. But as far as the intrinsic geometry is
concerned, theradial arc isthe radius— so theratio is < 2z . Conversely the signature
of negative curvature isthat thisratiois > 2r .

Takethecircletobe 6=7/2,r =1. An element of its circumference, for either sign of
k, has dg=dr =0and henceisds= Rd¢, so the circumference is2zR in both cases.
However, for k >0 the radius of the circle is evaluated by integrating the line

1
elementsalong d6=0,d$ =0, that is, radius=| R ar

0 vi1-r?

ratio of circumferenceto radiusfor k>0 is 2—/” =4< 27 and sois positively curved.
T

= Rsin}(1)= % R. Hencethe

o1 dr
For k<Otheradiusis jR

0 Vl+r?

2”14 > 27 and so is hegatively curved.

= Rsinh}(1)=0.8814R and hence the ratio of

circumferenceto radiusis

7. FLRW Space: Finiteor Infinite?
7.1 Positive Curvature, k >0

For k > 0, we have tacitly assumed that thetermin {...} in (8) is spacelike. However,
taking k=1, thisisonly trueif |r| <1 so we must restrict r toliein thisinterval. This
can also be seen from the embedding as a hypersphere in 4D Euclidean space, 84,
since thisrequires, from (21) and (24),

x2 = R? —r’R? (34)
and on the hypersphere we require — R< x, <R s0 that the possiblerange of r is

[01]. (Strictly thereis alarger, analytically continued space which includes the
manifold at negative r , but we will not discuss that here). This suggests an alternative
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co-ordinate system in which, using (16),

rzgzsim//; X4 = Rcosy (353)

X =Rsinysindcosg; x,=Rsinysindsing; x;=Rsiny cosé (35b)

where v isahyperspherical polar angle with respect to the x4 axis, whilst Risthe
radius of the hypersphere, and p isthe projection onto the subspace x;, X2, X3 of the

hypothetical 4D Euclidean space xi, X2, X3, Xa. Thus the whole of spaceis covered by
the finite angular ranges,

O<w<m 0<O0<rm O0<¢<2r (36)

Interms of y the space-time metric becomes,
ds? = c2at? - R2(t)|dy 2 +sin? y(d6? +sin? 0 dg? (37)

It istempting to conclude that because the co-ordinate rangesin (36) are all finite, this
implies that the space in question is finite. However, that would not be a correct
argument (though, as it happens, the answer is). The reason is that a finite coordinate
range can be made infinite by a suitable co-ordinate transformation, for example
tan(y / 2) will range from 0 to infinity for v €[0,7] . To determine if space is finite we
need to calculate its volume. Because volumeis a scalar the result isindependent of
what coordinate system we use. Of course, we already know that the volume s finite
since it equals the ‘surface area’ of the hypersphere derived in 84 (and henceis

27°R?). This can be evaluated explicitly as follows: an element of the hypersphere’s
‘area’ isgiven by,

dV = Rdy.dS, (38)

where dS, is the element of area of an ordinary sphere of radius p, i.e.,

dS, = p?d(cosd)dg = R? sin® yd(cosd)dg (39)
2w V4

Hence, V =R*[[ [dyd@dgsin®y sing = 42R° [ dy sin®y = 22°R® (40)
000 0

Thus, we have established that the FLRW spacetime with k > 0 consists of 3D
spacelike subspaces which are finite in the sense of having finite volume. However,
this volume will vary with time since R is time dependent. However, at any time, Ris

atrue measure of the size of the universe, since 27°R? is the genuine, finite volume
of the universe.

This also means that ak > 0 FLRW spacetime would start from a single point at the
Big Bang, since R reducesto zero at t = O (see later).

7.2 Negative Curvature, k <0

Unlikek >0, for k< 0the{...} in (8) remains a spacelike interval (i.e., positive) for
any real r . We may immediately suspect that this implies that space isinfinitein this
case, and this suspicion has been reinforced by the infinite hyperboloid embedding

demonstrated in 85. However neither of these argumentsis quite rigorous. We need to
investigate whether the volume isinfinite.
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We note that the substitution (35a) is not valid in this case since it would restrict the
possible range of r and we must permit any real r . The whole of theread lineis
availableto r if we make the substitution,

r =sinhy (41)
The equivalent of (37) iseasily derived to be,
ds? = c2dt? — R2(t)|dy 2 +sinh? y/(d0? + sin2 0 dg? )| (42)

identical to (37) except for the replacement of siny by sinhy. However, the permitted
co-ordinate ranges are also modified, thus,

O0<y<w; 0<O<m 0<¢<2r (43)

The volume isfound as follows: the metric (42) tells us the length associated with the
change in each co-ordinate. For achangedy with other co-ordinates constant the

length element isRdy ; for achangedd with other co-ordinates constant the length
element is Rsinhydé ; for achangedg with other co-ordinates constant the length
element is Rsinhy sinédg . The product of these three lengths gives the element of

volume (because the coordinates are orthogonal, or, equivalently, because the metric
isdiagonal),

dV = R¥sinh? y sinadydadg (44)

Thisisthe same as (38,39) except for the replacement of siny by sinhy . Attempting

to integrate (44) over the full range of the co-ordinates as given by (4.29) reveals that
this space has infinite volume. Whilst the integral over the angular co-ordinates 9, ¢

evaluates to 4, the usual solid angle, the integral of sinh?y over y [0, isclearly
divergent. Thus, we conclude that negatively curved FLRW spaceisinfinite.

Note that space isinfinite a all timest > 0 for which Risnon-zero. Thus, at the first
instant after the Big Bang, when t isjust one quantum of time, spaceis already
infinite. Thus, FLRW spacetime with negative curvature must have been created
infinite. So it is not correct in the k < 0 case to think of the universe as springing from
asingle point at the Big Bang. Rather, al pointsin an already infinite space were
created at the first instant, and all points explode simultaneously. Nevertheless, if we
consider any finite region at afinite timet, thisregion will shrink to zero size aswe
go backwards in time towards t = 0. Thisistrue no matter how large afinite region
we consider. Thus, the density must be infinite at t = 0. Such solutions therefore have
an initialy infinite density at all pointsin an infinitely large volume.

8. Cosmological Parameters Defined
It is useful to define certain key parameters which are most significant in the large
scale structure of the universe. The first cosmological parameter is aready familiar. It
is the Hubble parameter, given by,
R
H(t)=— 45
0=1 (45)

The second cosmological parameter we have also already met, in Chapter 11. It isthe
critical density, but now we define it more precisely as,
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3H 2
Pcrit (t): % (46)

It so happens that in our universe at the present epoch we have H ~1/t, to agood
approximation, so that we can also write pg;; =3/82Gt?. However thisisnot truein

generd, i.e, for different values of k or A, or even for our universe in earlier epochs.
The next cosmological parameter is perhaps the most important of all, and we also
met it previously in Chapter 11. It isthe ratio of the total density of all forms of
matter, p,,, to the critical density,

Pm 87Gpm
Q)= = 47)
" Paiticas  3H?2
All these parameters are time dependent, as we have emphasised by the notation in
(45-47). However in general we will not display the time dependence from now on.

The total matter density is often divided into two parts. the so-called baryonic part
(thisis, ordinary matter), o, , and that due to dark matter, denoted p. . Hence we have

two dimensionless density parameters,

Po

Q,=—"b o P Q=0 +Q, (48)
Peritical Peritical

We saw in 82 that the cosmological constant, A , was equivalent to an energy density,

AC4 . —
=——, so afurther density ratio is,
N 81G y

2
YR /N (49)
C™pgit  3H

which may be regarded as the density parameter for ‘dark energy’. So we can define
the sum of all density parameters as,

Q=0,+Q, (50)

It is also convenient to define the reciprocal of the Hubble parameter,

=— 51
= (51)
Evaluated at the present epoch it is denoted 7. The age of the universe equals 7, to

within afactor close to unity (see Chapter spare). Finaly, the dimensionless
deceleration parameter is defined as,

RR
R
The decel eration parameter was defined in an era when cosmologists still thought that
the accel eration of the universe would be slowing down, so that R was expected to be
negative and hence q positive. It is currently believed that R is positive and hence g

negative - perhaps due to the effects of a positive cosmological constant or dark
energy.

q(t) = - (52)

Notethat H, p,, e, Q. Qc,Q4,q and, of course, R, al vary with time. Only A and k
(and G and c) are constants.
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Relationships between these parameters are derived as follows. Firstly we express the
curvature parameter, k , in terms of the other parameters. The second Friedmann
equation, (10b), gives, in the case of matter dominance so that p = p,,

2
ke? =%”GpR2 +%R2 ~R?=Q H?R? +Q,H?R* -H?R?

=H?R*(Q,, +Q, -1)=H?R*(Q-1)

(53)

For convenience we define an alternative dimensionless curvature parameter, Q, , as,

kc? kc?
I =
S0 (53) becomes simply,
Q,+Q=1 (55)

(55) isactually just are-writing of the Friedmann equation, (10b). Once again (55)
tellsusthat if the total density, from all sources, isless than the critical density, Q <1,
then Q, >0 and k<0 and the universe isinfinite and negatively curved. Conversely,
if thetotal density, from all sources, is greater than the critical density, Q >1, then

Q, <0 and k>0 and the universe isfinite and positively curved. The new element to

this observation is that dark energy (or the cosmological constant) isincluded in the
total density inventory via (49,50).

Using the Friedmann equations, (10a,b), the decel eration parameter can be written,

2 2
el )55
C
a=— 3 (56)
T GpR? —ke? + 2 R?
3 3

In the case p = 0, dividing (56) by H? gives,

1 2 2
S QnR? - QR L, -
O R2+O,RZ+QgRZ 2 ™ A

q:

Or, Q,=20q+Q,) for p=0 (58)

Thus, only two of these three parameters are independent in a matter dominated
universe with negligible pressure. (58) shows that we will have a universe with
accelerating expansion (g < 0) if the dimensionless cosmological constant (Q ) is

positive and greater than half the dimensionless matter density, Q,,,. This condition
appearsto be easily met in our universe at present, see 89.

Finally, the following are also ways of re-writing the second Friedmann equation,
(10b), in the case of matter dominance,

2 2
O g A and On oA (59)
o e -1 e
where, A% = %”GpR3 (60)
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The point hereisthat A% isaconstant when p=0 (matter dominance). So (59)
relates the size scale and the Hubbl e time to the two density parameters Q and Q.

9. Observational Values of the Cosmological Parameters
The current best estimates of the cosmological parameters are,
Qp, =0.045+ 0.003

O, =0.222+0.026
Q,, =0.267 +0.026
Q, =0.734+0.029

0 =1.00+0.01
Q, =0+0.01
q=-0.60+0.03

Ho =71+ 2.5 km/SMpc =(2.30+0.08)x10 78 s*
70 =13.75+ 0.15 Gyr

It appears that only ~4.5% of the universe consists of ordinary baryonic matter.

Precision measurements of the CMB from the WMAP satellite play alarge part in
refining the above estimates, Jarosik et al (2011). Thefirst intimation that q is
negative, i.e., that the universal expansion rate is accelerating, came from
observations of Type la supernovae in 1997/8, work which won Perlmutter, Schmidt
and Riess the 2011 Nobel prize in physics, S.Perlmutter et al. (1997) and Riess et al
(1998).

The universeiswithin 1% of being flat, in the sense that 2 =1.00+0.01. However it
seems unlikely that exact flathess could ever be observationally confirmed. On the
other hand, it isfeasible that a small curvature, whether positive or negative, could be
underwritten by observational evidence in due course. Consequently it may be
possible to determine whether the universe is spatially finite or infinite in the future,
though only if it departs from exact flatness. As present, however, the matter is
undecided.

It isimportant to realise that the above parameter values assume that the standard A —
plus-cold-dark-matter model is correct. There is more than enough room for doubt

given that we have no idea what dark matter is nor what dark energy (A ) is. Interms
of understanding the nature of the contents of the universe we score an abysmal 4.5%.

10. Solutionsto the Friedmann Equationsfor p=0and A =0

Having explored the qualitative characteristics of the FLRW spacetimes for both signs
of curvature, we now consider how the universe expands, i.e., the solutions of the
Friedmann equations for R(t). Only the case of negligible pressure, p~ 0 is
considered. This can only be applicable in the matter dominated era. Exact closed
form solutions can be given for the case of zero cosmological constant. Until 1997
these solutions were generally regarded as the ones most likely to apply to our
universe. Thisis no longer the case now that it appearsthat A >0, solutions for which
arediscussed in 811. For p=0and A = 0 it issimply checked that the following are
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the exact closed form solutions of the Friedmann equations, (10a,b),
p=0,A=0,k=0

R= [g Atj% (61)

where A isgiven by (59) or (60) and is a constant when the universe is matter
dominated.

p=0,A=0k>0

A? A?

R= l1-cos2y) and t=——(2y —-sin2y 62

2 cos2y) a2y ©)

Also -—2 (63)
™ 1+cos2y

A isagain given by (59) or (60). At w =0,t=0 weget R=0 and Q,, =1 (in
agreement with Chapter 11, Figure 2). The universe reaches its maximum size of

A? T R2 . :
Roax =—5 @ y =" atime t=—7"2 when Q, — o (again in agreement with
kc 2 2A
Chapter 11). Fork > 0the universeisfinite and A® =3iGMu where M, is the mass of
7T
the universe.
p=0,A=0k<0
A (coshay -1) o )
R=———/(cosh2y -1) and t=————(sinh2y — 2y (64)
22| 263K
Also -2 (65)
™ 1+ cosh2y

A? isagain given by (59) or (60). At =0,t=0 weget R=0 and Q=1 (in
agreement with Chapter 11, Figure 2). But as v — o,t — o and the universe expands
forever, R—« and weget Q,, — 0(again in agreement with Chapter 11, Figure 2).

The above solutionsfor p=A =0 areillustrated in Figure 2.
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Figure 2: Exact Solutions of Friedmann Equations, (10a,b), for a M atter
Dominated Universewith Zero Pressure and No Cosmological
Constant (settingc=A =1)

2
9

2.5 A
2
o ——k=1
15 —k=-1(>0)
------- k = -1 (t<0)
——k=0
1
0.5 -
Fig.1: Solutions of Friedman Equation for Matter Dominance
No Cosmological Constant, No Pressure, c = A =1 ¢
T C T T T T T T T
-1 -0.5 0 0.5 1 15 2 2.5 3 35 4

Need to get rid of caption inside Figure

11. Solutionsto the Friedmann Equationsfor p=0but 4 #0

Finally we come to the geometries which are believed most likely to describe our
universe in the present epoch. For completeness all the solutions with non-zero
cosmological constant and zero pressure are discussed, not just those which are
credible candidates for describing our universe. It is not necessary to derive closed
form solutions since the qualitative behaviour of R(t) can be discerned directly from
the Friedmann equation, (10b). Only the matter dominated, zero pressure cases are
discussed here, so even those solutions identified as most likely to describe our
universe will not be applicable before matter-radiation equality at about 75,000 years.

The equation whose solution is being considered is the second Friedmann equation,
(20b), which can be written,

2
RZZF(R)ZK—kC +TR2 (66)

where A isaconstant, (60). Recall that for p = 0 thisis sufficient to ensure that the
first Friedmann equation, (10a), is also obeyed.

The qualitative behaviour of R(t) issimple to deduce, as explained below. We will
see that a non-zero cosmological constant causes major qualitative differences to the
nature of spacetime. In particular, athough when A =0 positive curvature is
necessarily associated with a universe which reaches a maximum size, thisisno
longer the case when A >0. Similarly, when A =0, negative curvature is necessarily
associated with a universe which expands forever, but thisis no longer the case when
A<O.
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111A<0
Thisisnot currently believed to represent our universe.

Thefirst termin F, (66), is positive and reduces monotonically from infinity, at R= 0,
towards zero at large R. In the case of negative cosmological constant, the third term
also reduces monotonically, starting at zero at R = 0 and diverging to minus infinity at
large R. It follows that F itself reduces monotonically from plusinfinity to minus
infinity. Hence thereisaunique ‘radius’, R,, at which F iszero. For R> Ry, F is

negative, and, since R? cannot be negative, it follows that R > Ry is not possible.
Consequently the solution is confined to R < Ry. The universe cannot expand forever
when A <0 whatever the value of the curvature, k .

For sufficiently small R the last term in F will be small compared with the first two
terms. Hence, the small R solution approximates to the solutions of (61), (62) or (64).
For k> 0 and sufficiently small|A|, the solution may be little different from (62). For

larger|A| the maximum size of the universe will be smaller.

On the other hand, for k< 0 and A < 0, the solution is always qualitatively different
from (64) for large R, even when |A| isnumerically small. Thisis because, for large

R, approaching Ry, the third term will become important and causes the rate of
expansion to reduce to zero. Thus Ry is always a finite maximum size scale of the
universe, irrespective of the sign of ‘k’. The solution with k<0 isaspatialy infinite
universe of negative curvature whose size scale reaches a maximum then reduces, an
impossible situation for A=0.

Physically, a negative cosmological constant produces an additional attractive
gravitational force. Thisforceincreases as R increases, rather than decreasing as
normal gravity does, as can be seen from (66). Consequently, the A-induced forceis
bound to dominate eventually and causes the universe to re-contract. This happens
irrespective of the curvature.

112A>0and k<0

This caseis qualitatively particularly simple. All threetermsin (67) are positive and
henceit is clear that R is monotonically increasing. Moreover, at large R the third
term is dominant and hence the solution will tend asymptotically to an exponential
‘explosion’, i.e.,

2
For larget: Roc exp{wf% -t} (67)

Physically, a positive cosmologica constant represents a repulsive gravitational force.
Since this repulsive force grows proportionaly as R, see (66), it inevitably dominates
eventually and exponential growth results.

Thisisone of the solutions currently regarded as consistent with the observational
evidence in our universe. However, at sufficiently early times, the first termin F(R)

will dominate and the universal expansion will initially decelerate. Only sometime
later does the third term become sufficient to cause the expansion rate to accelerate.
Our universe is not yet in the asymptotic regime given by (67), but its expansion rate
has already been accelerating for a substantial fraction of the age of the universe. If a
cosmological constant term is responsible for the acceleration then the universe is
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destined to follow the exponential growth given by (67). The curve of R(t) asit

appears to be for our universe is plotted in Chapter spare Figure ??, where the change
from deceleration to acceleration is apparent.

A special caseiswhen both k=0 and p = 0, for which (67) is then the complete
solution for al times. Thisisthe de Sitter solution and has some interesting
properties. However it is hardly physical sinceit represents a universe which is empty
apart from dark energy.

11.3A>0and k >0

This case has avariety of qualitatively different possible solutions. The first and third

terms of F are both positive, but the second term is negative. The qualitative nature of

the solution depends upon whether thereis aradius at which F becomes zero. Thereis
definitely a unigue minimum of F at radius,

3 3A?
A 68
lel"l 2ACZ ( )
where A is given by (59) or (60). The minimum of F isthus,
1 |3
min = 5 {_ A% - I(Cszin} (69)
min
Hence, the critical value of A (Ac) such that the minimum of F is zero is given by,
3A2
Combining this with (68) gives,
a2 )k
Ac=k£ CZJ -5 (72)
3A R

Hence, for A> A, R, <R.and hence F,, >0 and hence F >0 for any R.
Conversely for A<A. Ryin > R.and hence F;, <0 sothat F could be positive or

negative and there are two distinct valuesof R where F =0. (71) can aso be written,
using (49,50,51,59),
H2(Q-1)° 4 (Q-1°

o 0,-—.
02 A o7 02

Aﬁzzg- (72)

Three possible cases can be identified, as follows,
A> A

In this case F cannot be negative for any R, so Ris monotonically increasing. For
sufficiently large R the expansion becomes exponential and the asymptotic behaviour
isagain given by (67). Thisis another instance of the cosmological term winning over
the curvature effect (since k > 0 would tend to oppose the expansion). If our universe
has k > 0 then thisis would be the correct model for our universe. Nevertheless, for
completeness we consider the two final cases.

O0<A<A
In this case there are two real radii at which F = 0. Call them R; and R, with R; < R».
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The allowed regimes, for which R? >0, are [0, Ry] and [Ry, «]. These two
disconnected regimes correspond to two distinct solutions. They areillustrated in
Figure 3. Inthefirgt, [0, Ry], thereisaBig Bang at R = 0 and the expansion reverses
at amaximum radius of R;. We can think of this solution as being onein which Ris
restricted to sufficiently small values that the cosmological term does not get a chance
to dominate and cause exponentia growth.

Conversely, the second solution, with R € [R,, =], can be thought of as one in which
the size scaleis confined to arange where the cosmological constant is aways
dominant. The universe can be imagined to have been given an initial inward velocity
at some large radius, thus making it move initially against the repulsive A-effect. Its
speed of contraction slows, until the universe ‘bounces’ back at radius R,, at which
point the velocity is zero. Thisisthe first instance of auniverse with no Big Bang. A
Big Bang has R = 0, and hence infinite density and infinite initial speed, at some finite
time designated ast = 0. At the ‘bounce’ of this universe, Ris non-zero, the speed is
zero and the density finite, so the ‘bounce’ is not a Big Bang by any of these criteria.

Figure3: Solution for k >0and 0 < A < A¢

Fig. 414 k=+41,0 < A < A, models.

Repl ot — this copied from Rowan-Robinson
A=A

This case is more subtle. One solution is the static Einstein universe. Putting R= R;
we have R=0, by definition. Moreover, substitution of R. and A into Equ.(10a)
showsthat R isalso zero. Consequently, the universe can be balanced at constant R
provided that its size and the cosmological constant are chosen appropriately.
‘Balanced’ is the correct word since this comes about because the attractive force of
gravity is matched against the repulsive cosmological force. This was the cosmol ogy
put forward by Einstein (1917). It is an unstable equilibrium, as was first pointed out
by Lemaitre.
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There are two stable solutions for which the radius is confined respectively to either
[0, R] or [R;, o]. They areillustrated in Figure 4. They differ from the solutions for
0 < A < A because, as R approaches R, not only does the speed approach zero, but
the acceleration or decel eration approaches zero also. This means the solution ‘gets
stuck’ at R = R.. Thus, for the Einstein-Lemaitre model EL1, the universe only tends
asymptotically to its maximum size of R., and never contracts. Conversely, the
Einstein-Lemaitre model EL2 might start off infinitessimally larger than R; and
initially grow very slowly. Eventually, however, the cosmological repulsive force
catches hold and the universe will eventually expand exponentialy.

The Einstein-Lemaitre model EL 1 isunique. It isthe only instance of a universe
which has a finite maximum size, but which approaches it asymptotically and never
contracts. EL 1 does have a Big Bang, however. EL2 is unusual in having no Big
Bang, but rather anon-zero initial size. It issimilar to the ‘bounce’ model in this
respect.

An interesting special case isworth mentioning, known as the Lemaitre model. Thisis
obtained for A = (1 + €)Ac where g isvery small, but positive. Of coursethisis
actually a special case of A > A and henceis asolution which startsat R = 0 and
expands monotonically to infinity. However, its proximity to the EL1 and EL 2
solutions gives it some characteristics of these solutions. Specifically, it appearsto be
likean EL1 followed by an EL2. In other words this universe expands rapidly to near
R.. It then stays near R; for along time. Eventually, however, the cosmological
repulsion wins and an exponential expansion takes over, asillustrated in Figure 5.

Figure 4: Solutionsfor k >0and A = A¢

R

—

t

Fig. 412 k= +1, A = A. models. E = Einstein static model; EL1, EL2 = Eddington-Lemaitre
models.

Repl ot — this copied from Rowan-Robinson
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Figure5: Solution for k >0 and A = (1 + ¢g)Ac (s — 0)
R

Fig. 4.13 Lemaitre models, with long ‘quasi-stationary’ period.

Repl ot — this copied from Rowan-Robinson

The qualitative features of all the solutions we have discussed are summarised in
Table 1, the models most representative of this universe are shown in bold blue. Our
current best estimate of the shape of the R(t) curve for our universeisillustrated in

Chapter spare, Figure ?

Tablel Summary of Qualitative Features of Cosmological M odels
A k Starting Radius®? | Finite Maximum Re-
Radius?® Contraction?

0 >0 0 Yes Yes

0 <0 0 No No
<0 any 0 Yes Yes

>0 <0 0 No No

> Ac >0 0 No No
0 Yes Yes

>
O<A<As 0 # 0 (‘bounce’) No No
z0(‘E) Yes No (Static)
0(‘ELY) Yes No
A=A >0
¢ #0 (‘EL2") No No

Dezero dso impliesinfinite initial speed, i.e. aBig Bang. Note that theinitial volume of the universe
may be infinite even though the size scale, R, is zero. Thisis always determined simply by k.
@Ng implies the universe expandsto R — o
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