Chapter 17

Going Round in Circles

How to calculate motion with respect to a rotating coordinate system; derivation of
the centrifugal and Coriolisforces; arethey fictitious? I s gravity? The Foucault
pendulum; Why isthe behaviour of gyroscopes counter-intuitive? How to
demonstrate anti-gravity to the unwary.
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1. Rotating Coordinate Systems

Y ou will have learnt your lessons well at school and you will know that centrifugal
forceisfictitious. Y ou may even be reluctant to use the term “centrifugal force” for
fear of being reprimanded. But are you sure that you have not been brainwashed?

Let usfirst consider non-relativistic dynamics and how this can be formulated in a
frame of reference which isrotating. To avoid unnecessary complications the origin
of the rotating coordinate system will be assumed to be stationary at the origin of our
non-rotating (inertial) coordinate system. The non-rotating coordinate system, Sipgrtia »

is defined by Cartesian axes with unit vectors % ,i € [1.3] whereas the rotating
coordinate system, S, , has Cartesian unit vectors f;,i [1,3], which are time-
dependent. The rotation of S, with respect to S 14 IS defined by avector @

whose direction is the axis of rotation and whose magnitude is the angular rotation
rate. Therotation rate of S, need not be constant, both the rotation rate and the axis

of rotation may vary.
An arbitrary vector,a, may be described in either coordinate system, thus,
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(summation assumed). The coordinates 3 of the vector with respect to the rotating
coordinate system will necessarily differ from those in the stationary system, a; , if
they are to represent the same vector. Equ.(1) appliesfor any vector, and in particular
for the position vector of (say) a point mass. The components of the velocity of this
point mass as seen by the inertial and rotating observers will differ, being given by,

\_/Zai)’\(i al‘ld \7=§iﬁi (2)

where the dot denotes the time derivative as usual. The time coordinate is the samein
both expressions because we are dealing with non-relativistic motion only. The
second of the expressions (2) follows from the fact that the rotating observer regards
his co-moving coordinate system, y; , to be stationary. But of course the inertial

observer seesthe i, astime-dependent. By taking the time derivative of (1) we get,

Vzai)?izgiﬁi+§iﬁi=§+§iﬁi (3)
The second term on the RHS of (3) must be the velocity which would be seen by
Shetia If the particle were stationary with respect to S, . Considering an arbitrary
vector B which is stationary wrt S,;, Figure 1 shows that the change in this vector
due to the rotation @& over asmall interval of timest mustbe sB =@ x B, i.e.,



For B co-moving with S,;: Ocli_? = xB 4
Figurel Demonstration of Equ.(4)

Need to draw my own version
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In particular Equ.(4) applies for the position vector a of aparticle which is stationary
wrt S, . Consequently (3) becomes,

V=V+oxa 5)

Recalling that v =da/dt we can write (5) in operator form as,
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where it is understood that this operator acts on vectors, and the time derivative
operator with the tilda acts only upon the coordinates not upon the unit vectors, i.e.,
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The relationship between the accelerations of the particle seen by the two observers

now follows simply from,
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noting that Z—at’_zz—i_) by (6) because @ x @ =0. Equ.(8) gives the acceleration seen by

Sieriia 1N terms of the acceleration seen by S, , the first term on the RHS of (8), and
three other terms. This expression applies for arbitrary motion of S,;, assuming a
fixed origin, so that @(t) may be any function of time. In the case that S, rotates
with constant angular velocity the last term in (8) is zero and we get,

av dv
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Suppose that our point mass, m, is subject to a ‘real” force F asseen by Sieia » then
F= m% and hence re-arranging (9) gives,
=  dv - =
FzmazF—Zma)xv—ma)x(a)xa) (10)

Here we have defined F asthe apparent forceseen by S, defined simply asthe
mass times the acceleration seen by S, . Because the accelerations seen by the two
observers differ, as shown by (9), the apparent force seen by S, isalso necessarily

different from F . The two extratermsin (10) are respectively called the Coriolis
force and the centrifugal force. Because they arise only due to the use of arotating
coordinate system they are often referred to asfictitious forces. Thereisno Coriolis
force and no centrifugal force with respect to theinertial coordinate system.

Note that the vector » x (@ x @) points towards the centre of rotation, asillustrated by

Figure 2. Consequently it is called the centripetal acceleration (since centripetal
means “towards the centre”). Consequently the fictitious force — ma x (o x @) actsin

the opposite direction and hence the term centrifugal force is appropriate (since
centrifugal means “away from the centre”). Suppose the particleisat rest wrt S, .

The inertial observer regards the particle as having a centripetal acceleration
@ x (@ x @) which must be due to being acted upon by areal centripetal force given by
F =mao x (o xa). The rotating observer S, must see no net force, in order for the

particle to appear at rest. He thus regards the real centripetal force as exactly balanced
by the equal and opposite centrifugal force.



Figure?2 Centripetal Acceleration Need to draw my own version
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2. Example: A Falling Body on Earth

Release a body from rest with respect to the Earth’s surface at a small distance above
the Earth’s surface: in which direction does it fall? Y ou will now know better than to
say “towards the centre of the Earth”. Thiswould be the case if the Earth were not
rotating. Because it is rotating, the equation of motion of the body with respect to the
coordinate system, a; , comoving with the Earth is,

dt?
where o isthe Earth’s angular rotation rate vector, whose direction is along the
Earth’s axis. The vectorial acceleration due to gravity, g, does indeed point towards
the Earth’s centre of mass. For this purpose we are idealising the Earth as perfectly
spherically symmetric. Inreality g varieswith latitude for reasons discussed below,
aswell as having interesting local variations due to surface topography and local
density variations. However, even for a perfectly spherically symmetric planet, the

Coriolis and centrifugal forces will cause the acceleration of the body to deviate from
the non-rotating value of g . Even supposing that the velocities are small enough that

=nﬁ—m5x(a—)x5)—2m5x?j—f (12)

the Coriolisforce, — 2ma x i—? , can beignored, there is still the centrifugal

force,— ma x (@ x @). It is convenient to absorb the centrifugal term into the definition
of an effective acceleration due to gravity, g., thus,

Gc =020 x (@ xT) (12)

where 7 isthe position on the Earth’s surface of interest. In the northern hemisphere
this effective acceleration due to gravity acts towards a point alittle south of the
centre of the Earth, asillustrated in Figure 3. g, isthe apparent acceleration due to

gravity which would be measured by an experiment in aterrestrial laboratory and is
rather less than the value of g for a non-rotating planet, except at the poles. At

latitude & the magnitude of the apparent acceleration due to gravity, as a fraction of
the non-rotating value, is,

2
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o e (13)



Using » =7.29x107°s™ and the average radius of the Earth at the equator,
r =6378km, the acceleration due to gravity at the equator is less than at the poles by
about 0.35% (or 0.034 ms?). Theangle « between the measured and non-rotating
accelerations, g, and g, isgiven by,
2
cosg = =405 0 (14)
V1-(24 - 42 )cos? 0

This angular deviation of the apparent gravitational centre of the Earth hasiits
maximum value of ~0.1° at a latitude of +45°.

Actualy (13) and (14) under-estimate the effects of the Earth’s rotation on the
apparent g, and its variation with latitude. They would be correct if the Earth were

spherically symmetric. But the rotation caused the formative Earth to adopt an oblate
ellipsoid shape, the semi-magjor axis at the equator exceeding the semi-minor axis at
the poles by about 21 km on average. The greater distance between the Earth’s
surface and its centre at the equator further decreases the gravity at the equator
compared with the poles. The combined effects of the centrifugal force and the oblate
shape of the Earth means that bodies actually weigh about 0.5% less at the equator
than at the poles, quite a substantial difference. The angular deviation of the direction
of g, comparedto g isalso increased due to the equatorial bulge, since this places

more mass to the south of a point in the northern hemisphere. The total deviation is
perhaps double that implied by (14).

Figure3 Effective Acceleration Due To Gravity
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3. Democracy or Dictator ship?

Arethe centrifugal and Coriolis forcesfictitious or rea? There is nothing wrong with
the traditional view that these forces are fictitious. But you are not obliged to
subscribe to the dictatorship of the inertial observer. Instead you can join the
democracy of free observers. From the relativistic point of view, all coordinate
systems are equally valid. However, the rotating system comes along with these extra
forces — which are a kinematic result of the rotating frame of reference. This may
seem arather contrived perspective until it isrecalled that a similar situation applies
to gravity.



General relativity teaches us that the existence of a gravitational field isa
consequence of the adopted spacetime coordinate system. If we adopt afree-falling
frame of reference then there will be no gravitational field in our immediate vicinity.
The force of gravity arises because we are perverse enough to adopt a non-free-falling
frame of reference. Is gravity afictitious force, then?

Theideathat gravity isan illusion would be most quickly dispelled by jumping off a
high building. On the other hand, if you are clinging on to a fast spinning playground
roundabout and decide to et go on the grounds that centrifugal force isfictitious you
will also suffer as a consequence. Does this make centrifugal force real? Clearly not,
since as soon as you leave your rotating frame of reference you will find the inertial
frame suddenly comes into play once more — and your subsequent trajectory is
tangential to the roundabout, not radially outwards as your intuition might previously
have suggested. However it does mean that knee-grazing, or other forms of impact
damage, are not reliable arbiters of reality. But there again, contending that gravity is
fictitious might seem quite convincing if you were in a stable orbit around the planet.
Y our apparently weightless state would be maintained indefinitely — and, of course,
when you look down it is not you who is orbiting the planet, but the planet which is
spinning, isit not?

It might be fun to challenge undergraduates’ belief in the fictitious nature of the
centrifugal and Coriolis forces by introducing this analogy with gravitation, to see
what emerges from the interpretational thicket. However, the situations are not as
closely analogous as | would have you believe. In truth there is a preferred set of
frames of reference, theinertia frames. The fictitious forces are not required in those
framesin which the field of fixed stars are just that — not rotating. So cosmology has
legislated a preferred frame. And whilst a gravitational force can always be made to
vanish locally by free-fall, this does not eliminate the gravitational field further away
— except in the (non-existent) case of auniform gravitational field. The bottom lineis
that you can work in any frame of reference you please, but the formulation of the
dynamics will change accordingly. In some cases working in aframe of reference
which introduces fictitious forces will render a problem more tractable rather than
more complicated. The Foucault pendulum is acasein point.

4. The Foucault Pendulum

How does a Foucault pendulum differ from any other pendulum? The answer is not at
al, in principle. The only requirement is that a Foucault pendulum should keep
swinging for at least a period of hours, and preferably days. To achieve this, the
pendulum must be very long, with alight, thin string and heavy bob. It will then be
found that the plane in which the pendulum swings rotates slowly. That isto say, the
plane of a pendulum on planet Earth rotates with respect to the Earth’s surface. Thisis
a consequence of the Earth’s rotation.

There are two places where it is easy to see what the rotation rate of the plane of the
pendulum must be. At the Earth’s north and south polesit is readily understood that it
isnot really the plane of the pendulum which isrotating, but rather it isthe Earth
which is rotating benesath it. So, at the poles, the pendulum’s precession rate will be
one complete 360° rotation in time T (which means, of course, that the initial plane of
rotation isregained in time T/2). Here T is the period of the Earth’s rotation with
respect to the fixed stars, the stellar day, which is about 23 hours 56 minutes and 4
seconds. The angular precession rate at the polesisthus o (9 =+7/2)=527/T,

where 6 isthelatitude. The sign is different at the two poles because the pendulum



will appear to precess clockwise at the north pole but anticlockwise at the south pole,
merely because we look down on the pendulum in both case — and the direction of
“down” isreversed. (To remember the signs of these rotations you need only recall
that the sun risesin the east and setsin the west. The Earth therefore rotates
anticlockwise as seen from above the north pole).

The second place where things are ssimple is at the equator. Here there is no reason to
prefer rotation in one sense to the other, and so there can be no precession. Hence,
wr (0 =0)=0. Clearly there must be a continuous variation of precession rate with

latitude so it isafair bet that the precession rate at any latitude will be given by
wg (0)=—(27/T)sing . So, at the latitude of my home town (51.7° north) the

precession period is T /sin51.7° =30 hours 30 minutes. That thisis the right guess for
the precession rate will now be proved. (Strictly the angle ¢ used should be corrected
for the displacement of the centre of gravity by the centrifugal acceleration, as
discussed in 82, but we have already seen that thisis a small effect).

Inspired by having guessed the answer we consider a transformation to yet another
coordinate system, namely one rotating about the vertical axis through the point from
which the pendulum is suspended. By “vertical” we mean the direction of the
effective acceleration due to gravity at the point in question on the Earth’s surface,
after allowance for the centrifugal force due to the Earth’s rotation, as discussed in §2.
The coordinates of the bob in the frame of reference which is comoving with the
Earth are a;, and the coordinates with respect to the new coordinate system which

also rotates around the vertical are a/ . Both correspond to the same vector,
a=an, =a/n. Therelationship between the two gives the equivalent of (6) and (8),

da_d'_ _
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where wp isverticaly upwards, i.e., anti-parallel to the effective acceleration due to
gravity, g, , and the magnitude o isthe precession rate of the pendulum.
Consequently, with the right choice for o we expect to find that the motion of the
pendulum liesin afixed plane in the rotating system a; . The various vectors are
illustrated in Figure 4 where vertically-up is denoted Z =1, so that g, =-g.z and

F :a)FZ.



Figure4 The Foucault Pendulum
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The equation of motion for the bob wrt the Earth systemis,
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where S isthe string tension and & isthe Earth’s angular rotation rate vector, whose
direction is aong the Earth’s axis. Whilst the first two terms on the RHS of (17) liein
the plane of the pendulum’s motion, the last term may have an out-of-plane
component, thus causing the plane of motion to change with respect to the Earth’s
frame of reference. Thisisthe origin of the Foucault pendulum effect.

Now substitute (15) and (16) into (17) to get the equation of motion expressed in the
precessing system,

d?a - . . (d_ _ Y da __ . _
m =S+Mg, - 2Mo x| —a+op XA |- 2Map x — — Mg x (oF x )
dt? ot dt
(18)
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Thefirst four terms on the RHS of (18) al lie in the instantaneous plane of the
pendulum’s motion. Thisis obvious for the first two terms (see Figure 4). The third

and fourth termsinvolve cross products with wg x a, but this vector is normal to the
plane of motion and hence a cross product with o x a must lie in the plane of

motion. Consequently only the last term in (18) could drive the pendulum out of its
current plane of motion in the precessing system. The pendulum will therefore remain
in the same plane in the precessing system if thisterm is always zero. The vector

@ + o cannot be zero for arbitrary latitude because these two vectors are not in the

same direction. However the last term will be zero if @ + wg isorthogonal to the
velocity vector in the precessing system, % . Provided that the angular amplitude of

the pendulum is small, this velocity vector will be approximately horizontal.
Consequently the last term in (18) is zero if,



(@+@g)-Z=wsnO+wg =0 (19)

This establishes that the plane of the pendulum precesses at a angular rate of
wr =-wsSing , asanticipated. The minus sign is because the precession isin the
opposite sense to the Earth’s rotation (which is obvious at the poles).

5. Coriolis Force and Weather

We see from (17) that it isthe Coriolis force which causes the plane of the Foucault
pendulum to rotate. But the most important effect of the Coriolisforce on Earthisits
rolein large scale wind patterns. The example of the Foucault pendulum shows that
the Coriolis force will tend to cause clockwise rotation with respect to the Earth in the
northern hemisphere. That thisis the correct sense of rotation can be understood from
Figure 5 which shows the direction of the Coriolis force for various directions of
motion when viewed above the north pole. The situation is summarised in the
following Limerick (which applies only in the northern hemisphere),

On a merry-go-round in the night,
Coriolis was shaken with fright.

Despite how he walked,

"‘Twas like he was stalked,

By some fiend always pushing him right.
Attributed to APS in Ref.[1]

Noting that this verse relates only to the northern hemisphere | offer a second verse,

Coriolis was feeling bereft

The theory he'd imagined so deft
In southerly parts

Regardless of starts

The fiend always pushed to the left



Figure5 Coriolis Pushesto the Right in the Northern Hemisphere
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The Coriolis force always acts to the right of the motion (clockwise)

Thisimmediately explains the direction of anticyclones, i.e., clockwise in the northern
hemisphere and anticlockwise in the southern hemisphere. Any circular wind pattern
requires forces acting on the atmosphere towards the centre of the motion. In the case
of anticyclones the Coriolisforce is the dominant force and hence the direction of
anticyclones is as stated above. However, in general there will also be forces acting on
large air masses due to large scale pressure gradients. In the case of anticyclones the
higher pressure is found at the centre of the motion. The pressure gradient forceis
therefore acting outwards from the centre. This alone could not support the circular
motion, and anticyclones are possible only because the Coriolisforce is greater than
the pressure gradient force and acts towards the centre for the direction of rotation
indicated above.

The case of cyclonesisthe reverse of that for anticyclones. Cyclones rotate about
centres of low pressure in which the pressure gradient force exceeds the Coriolisforce
and permits rotation in the anticlockwise sense in the northern hemisphere and
clockwise in the southern hemisphere. The total force towards the centre in this case
isthe pressure gradient force minus the Coriolis force. It is perhaps not immediately
obvious why there could not be arotation about alow pressure centre in the
anticyclonic direction. The pressure gradient force and the Coriolis force would then
be in the same sense and would support a spectacularly violent wind. The reason that
this does not occur is due to the nature of the radia flows which initiate the motion.
The situation for anticyclones and cyclonesis depicted in Figure 6.

Figure6 I nfluence of Radial Flow on Possible Cyclones
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6. Why Are Gyroscopes Counter -l ntuitive?

Set a gyroscope spinning and place it down at an angle to the vertical, asin Figure 7.
It fails to topple over. Instead it precesses about the vertical axis. Understanding this
in terms of mechanicsis perfectly straight forward. The angular momentum, L , lies
along the axis of the gyroscope, at least when the precession rate is slow. If the
gyroscopeisin the (x, z) plane, with z vertical, the moment acting onitisinthe y

direction, i.e., M =My . But the equation of motion isthat the rate of change of

angular momentum equals the applied moment, ?TIE =M . Thisisjust the rotational

equivalent of % = F . Consequently the small change in angular momentum in time

interval dt isinthey direction, dL = Mdt - §. The angular momentum vector, L ,
therefore precesses about the support point, asillustrated in Figure 7.

Figure7 The Gyroscope
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This also explains why a gyroscope initially precesses slowly, when it is still spinning
fast. If the angle of the axisto the vertical is @, the horizontal component of its
angular momentum is Lsiné . Since the vertical component of its angular momentum
is constant, at least initialy, the rate of change of the magnitude of its angular

momentum is L cosé - @ . But this must equal the applied moment, M , which is
constant in magnitude so long as ¢ is constant. Hence the rate of precession isjust

0=M [ Lcosd . Consequently as the gyroscope slows it precesses faster, both because
L isreducing and also because it beginsto drop to alarger angle ¢ . More detailed
analysis reveals more complex motions, but that is beyond our purpose here.

The analysisis simple enough — but why does a gyroscope’s behaviour confound us
so? The answer is partly that a spinning gyroscope looks like a stationary object but
actually possesses a substantial amount of momentum. Our intuition is fooled by this,
probably because rotational motion associated with large amounts of angular
momentum are rare or non-existent in nature. Consequently we have not evolved or
developed to appreciate intuitively their behaviour. We do understand intuitively that
afast moving object will not behave like a stationary one. A fast cricket ball will not
be deflected to one side of its trgjectory by the slight force that would suffice for a



stationary ball. So we have no right to be surprised that a gyroscope does not respond
to amoment as a stationary object would respond. It appears to resist our attempts to
change its orientation only because we fail to understand that it is a moving object.
Actually it isnot hard to cause it to re-orient itself. Thisis proved by its natural
precessional motion. We merely have to remember that the direction in which we
must apply the moment is not as it would be for a stationary object. So, to move the
axisslowly in adirection i the applied moment must be parallel to f (for afast

spinning gyroscope).

A professor of engineering, who should have known better, once toured the country
fooling peopleinto believing in anti-gravity. His party trick involved avery large and
heavy gyroscope on a shaft a couple of metres long. With one end resting on the
ground he got avolunteer from the audience to hold the other end. While the
gyroscope was stationary he asked them to try to lift the gyroscope (and recall he had
them hold only one end of the shaft). They could not do so — apparently
demonstrating its great weight. The gyroscope was then spun up using adrill motor.
The volunteer then found it easy to lift the gyroscope, even one-handed. The professor
then claimed that this was due to a remarkable anti-gravity effect of the gyroscope.
The truth, of course, isthat the weight of the gyroscope was not so great. It would
have been easy to lift, even one-handed, from beneath its centre of gravity. The
difficulty the volunteer experienced in doing so was because he was obliged to hold
only the end of the shaft. The difficulty in lifting the stationary gyroscope was due to
the difficulty in providing a sufficient moment with a pair of hands to overcome its
weight-times-length. But, once spinning, it is not necessary to do so because the
gyroscope is happy to remain at its non-zero angle to the vertical. To put it another
way, the moment due to the weight-times-length is balanced by a slight precession.
But the use of an electric motor to spin it up ensured that L was huge and the
precession small enough not to ruin the demonstration.
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