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These Notes predate the period when C(t) estimation formulae of R5V 4/5-type became
the standard in assessments. This occurred around the time of Dean & Ainsworth, 2003,
which facilitated the adoption of thistype of C(t) estimation. In the R5V4/5, or Dean &
Ainsworth, approach the secondary stresses enter through an effective pseudo-reference
stress. In principle this provides a more accurate estimation because relaxation of the
secondary stresses can be accounted for, in addition to redistribution. Casesin which
secondary stresses dominate are common, and hence it is highly desirable that assessment
procedures have the facility to account for relaxation. However, the accuracy of the
R5V4/5 method will depend upon the appropriateness of the choice of pseudo-reference
stress formulation. This has been a source of contention, especially when there are large
out-of-plane secondary stresses in the application. The situation is not helped by the
absence of any definition of the pseudo-reference stress. The accuracy of the pseudo-
reference stress formulation adopted can only be judged by the accuracy of the resulting
C(t) — which is generally unknown. In practice, guidance has been provided based on a
very few specimen geometries which have been analysed with finite elements. It is
possible that part of the benefit of the R5V4/5 approach is being lost through the need to
adopt rather conservative pseudo-reference stress formulations due to the absence of
more accurate, general guidance.

The advantage of the more old-fashioned, R5V 7, approach is that no pseudo-reference
stressisrequired. Thisis because this approach does not address relaxation, but only
stress redistribution. It is, perhaps, unlikely that the R5V 7 approach will regain
widespread application to austenitic materials. However, it is worth bearing in mind since
it isfar easier to use than the R5V 4/5 methodology. Moreover, since it ignores relaxation,
it could be argued to be an upper bound to C(t). Thus, in cases where the R5V4/5
approach is suspected of being overly conservative due to a pessimistic pseudo-reference
stress formulation, the R5V 7 approach may provide aleviation. This Note considers only
the R5V7 type of estimation.

1. INTRODUCTION

The derivations of various estimation formulae for C(t) are spread amongst a number of

different reports and papers (eg.Refs.1,2). It is desirable to bring them together in order to

clarify their regimes of applicability. Most derivations are explicitly, or implicitly,

dependent upon the assumption of asimple Norton power law (secondary) creep

behaviour. It is not clear whether the resulting estimation formulae are valid for more

general creep consgtitutive laws, in particular those including primary creep behaviour.

The objectives of this Note are;

i) to derive estimation formulae applicable to primary and secondary creep
behaviour, and including plastic strain effects, and,

i) to combine the effects of plasticity with that of mixed primary plus secondary
loading (not addressed previously), and,

iii) to clarify the regime of applicability of the formulae.



Limitations are that;

e Thecrack tip fields used relate to stationary cracks, and hence the formulae derived
are applicable only for sufficiently slowly growing cracks. This restriction may be
assessed using the R5 A—criterion (Ref.3).

e The crack isassumed to be present at ‘creep time zero’, ie. no creep strains have
accumulated prior to the time at which the crack is postulated. This corresponds to an
original sin defect, rather than a serviceinitiated defect.

e Theplasticity and creep indices, m and n, are assumed the same.

2. CREEP CONSTITUTIVE LAW
We assume the following creep strain rate behaviour,

£ = B(t)c" (uniaxial) (Equ.1a)
& = g B(t)"'s,  (multiaxial) (Equ.1b)

where S; are the deviatoric stress components and G is the Mises equivalent stress.
Throughout this Note the superscripts ¢, e, p and ep will refer to ‘creep’, ‘éastic’,
‘plastic’ and ‘elastic-plus-plastic’ strains.

Equs.1 reduce to the usual description of secondary creep when B(t) is a constant, and to
the most common description of primary creep when,

B(t) = pB,t"* ,wherep<1 (primary creep) (Equ.2)

Equ.2 gives divergent strain rates at t = 0, and creep strains which increase as
. = B,t"c". However most of the derivations apply for arbitrary B(t).

3. DEFINITIONS OF J(t) AND C(t)
The fracture parameter J(t) is defined through a contour integral around some contour T°
which encloses the crack tip and starts and finishes on opposite faces of the crack,

du.
Jt) = j{wepcdy Bl J.ds} (Equ.3)

r

where,
W, = I o, de; (summation over repeated indices) (Equ.4)

and the total strain, ¢

i » Isthe sum of the elastic, plastic and creep parts,
g; =& +&f +g] (Equ.5)

For example, if a power-law plastic behaviour were assumed,



3
ef = 5 D™, (Equ.6)
then,
— 1 e m p
Wepc = 56”8” + mcijgi] + WC (EqU7)

and W, isthe creep term,
W, = Iﬁudﬁﬁ (constant time) (Equ.8)

This creep “energy-density” integral is carried out at constant time (i.e. constant B(t)).
Creep deformation described by Equs.1 is equivalent under time hardening to creep
strains,

£¢ = B(t)o" (uniaxial) (Equ.9a)
e = g B(t)s™s,  (multiaxial) (Equ.9b)

where §(t) isthe time-integral of B(t). Substituting into Equ.8 these give,

.= O (Equ.10)

since §(t) can be factored out of the constant time integral. Hence Equ.7 becomes,

1 m n
Wepc = EG”-S”— + mﬁijss + mG”ﬁ; (Equ7b)

We note that Equ.3 for J(t) defines a parameter which depends upon the elastic, plastic
and creep strains at time t, and upon the (redistributed) stresses at timet. The usual
PYFM fracture parameter, J, which depends only upon elastic-plastic strains, is obtained
at time zero, ie. J= J(0).

Contour integrals of the form Equ.3 are rigorously path independent for non-linear
elasticity. Anincremental elastic-plastic-creep material which undergoes no stress
reversalsisidentical to anon-linear elastic material, and hence aso has arigorously path
independent J(t). Thiswill be true for elastic-plastic materials undergoing monotonic
loading. Hence J(0) is path independent for monotonic loading. However, the
introduction of creep will lead to stress reduction (unloading) near the crack tip, and
hence path independence of J(t) is not rigorous. The literature suggests that approximate
path independence of Equ.3 is expected for constant loads. In particular, path



independence of J(t) will recur for sufficiently large times, t—oo, if the material then
behaves under secondary creep, since stresses will become constant.

Unlike J(t), the contour integral definition of C(t) applies only for sufficiently small
contours, and will not be path independent in the general case unless steady state creep
conditions have been attained. The definitionis,

C(t)=LIMT -0 { | {chy o, a, jds}:l (Equ.11)
dx

r

where U represents displacement rates, just as¢ represents strain rates, and \7vc is defined
analogously to Equ.8 but in terms of strain rates, i.e.,

\7VC = I o0&} (constant time) (Equ.12)
and hence, for constitutive Equs.1,

WC = %c”éﬁ (Equ.13)

Thus, for creep behaviour given by Equs.1, C(t) isgiven by,

r

C(t)=LIMT — o{ [ {ﬁ c,&dy—o, % n jdsH (Equ.11b)

We can define a quantity C* as the long-time limit of C(t),

C*=LIMt— o{CH)}=LIMt > oo{%} (Equ.14)

Thislimit exists only if the long-time limit of the creep law is secondary (ie. constant
strain rates, B(t) — B(e) = constant) since stresses are then also constant in the long-time
limit. In this case, C* istime independent because Equ.11 depends only upon strain rates,
displacement rates and stresses which all become constant in the long-time limit. If B(t)
does not become constant, then C* is not defined. Hence C* is not defined if primary
creep continues indefinitely or if the long term behaviour isaform of tertiary creep which
appears explicitly in the creep constitutive relation.

Where the long-time limits exist, C(t) becomes the same as dJ/dt. Thisis because, in
steady creep, the only termsin Equ.3 which are time dependent are the creep strain and
displacement, which become strain/displacement rates upon differentiation. Hence the
derivative of Equ.3 (using Equ.7b) isjust Equ.11b. Prior to steady creep, C(t) does not
equal dJdt since the latter contains terms in stress-rates.



It isimportant for later purposes to draw a distinction between C* as defined through
Equ.14, which must be time independent if it exists at all, and the R5 reference stress

based quantity, which we will denote C,; . The latter can be evaluated at any time and

retains time dependence by virtue of the time dependence of the strain rate (primary
creep) and the potential time dependence of the reference stressiif the crack is growing.

4. CRACK TIP FIELDS

For the elastic-plastic case with no creep (ie. at time zero), and when the plastic zone
around the crack tip is sufficiently small to be encompassed within alarger region in
which the fields are of LEFM form, the elastic-plastic crack tip fields are uniquely
determined by the LEFM boundary condition. They are therefore uniquely determined by
K and otherwise independent of geometry. In the case of power law hardening materials
(ie. for Equ.6) these crack tip fields are known as the HRR fields and are given by,

ef ~ef = D[%} (6.m) (Equ.16)

wherer, 6 are polar coordinates around the crack tipand |, 6, €; are dimensionless

parameters dependent on the hardening index, m. These parameters have been tabulated
by Fong Shih and others (eg. Ref.4).

The utility of the parameter Jin PYFM liesin the fact that, in many cases, the crack tip
fields are given accurately by Equs.15 and 16 even well beyond the point of general
yield. In such cases, the parameter J uniquely characterises the crack-tip fields and
therefore must control any fracture process which depends only upon the near-tip fields.

Laboratory toughness specimens are said to exhibit ‘J-dominance’, or smply to be
‘valid’, if their crack tip fields are given by Equs.15, 16 with J defined by Equ.3 (but
without creep). The more constrained the specimen, the more likely it isto be valid.
Other things being equal, the larger the specimen the more likely it isto be valid. Hence,
the J-dominance of the crack tip fieldsin large structuresis ensured by that of smaller
specimens for asimilar type of loading and crack configuration.

Equs.15, 16 relate to the fields sufficiently close to the crack tip (r—0). The elastic strains
for sufficiently small ‘r’ are negligible compared with the plastic strains and hence we

have written & ~ e in Equ.16. Because J(0) is path independent we can choose avery
small contour, T, in Equ.3, so that the elastic strainsin Equ.7b are negligible. At time
zero there are no creep strains, so only the plastic strains remain in Equ.7b. Hence, Equ.3
implies,



m du,
J(O) = I {m Gijsi’;dy - Gij d_)(l nde} (Equ17)

smalT

We now wish to find expressions for the near-tip fields when creep is occurring.
Comparing Equ.17 for J(0) with Equ.11b for C(t) shows them to be formally the same
except that the plastic strains (displacements) are replaced by creep strain rates
(displacement rates) and the plastic hardening index ‘m’ is replaced by the creep index
‘n’. This suggests that the near-tip stress and strain-rate fields can be written, in analogy
with Equs.15,16,

o T,
G”(t)_{B(t)lnr} 5;(0,n) (Equ.18)
£C (1) = B(t){%} "2, 0.n) (Equ.19)

That these expressions are correct can be checked by substituting them into Equ.11b for
C(t). Only terms which are products of stress and strain rate (displacement rate gradient)
occur, and it isreadily seen that B(t) cancels in such terms. The integral becomes
identical to that obtained by substituting Equs.15,16 into Equ.17, except that C(t) replaces
J(0) — and consequently the integral must evaluate simply to C(t), as required.

Equs.18,19 describe the stress and strain rate fields only sufficiently near the crack tip,
and, in particular, only within the creep zone around the crack tip. Equs.15,16 cease to
describe the crack tip fields as soon as creep strains occur, athough they may continue to
have some approximate validity outside the creep zone for as long as the creep zoneis
sufficiently small. Thisis analogous to an LEFM field persisting around a sufficiently
small plastic zone. Hence, for small scale yielding and for sufficiently early creep times,
thereisahierarchy of size scales,

Mg <T. < M, <Tfem <L

where, ;. isthe size of the region in which the fields are given by Equs.18,19,

rc isthe size of the creep zone,

I, isthe size of the plastic zone (fields given approximately by Equs.15,16),
r.erm 1S the size of the region in which fields may approximate to LEFM form,
L isthe ligament size.

At longer times, creep will tend to obliterate both the PY FM and LEFM regions.

5. DERIVATION OF THE C(t) ESTIMATION FORMULAE

The derivation of estimation formulae for C(t) proceeds in two steps,

I firstly by finding an expression for C(t) in terms of J(t), and then,
Ii. using an estimation formulafor J(t) to find C(t) from (i).



5.1 The Expression for C(t) in Termsof J(t)
Equ.19 may be integrated to give the creep strains near the crack tip,

e (1) = J‘dt’B(t'){ B?t(’;;) r}nﬂé”— (6,n) (Equ.20)

From which the ratio of creep strains to strain ratesis found to be,

. tJ'dt’B(t’)"ilc(t’)nrll
Sij (t) 0 .
(1) = T = f(t) (near cracktip) (Equ.21)
&jj ( B(t) n+l C(t) n+1

where the function f(t) is defined by the above expression. Equ.3 for J(t), together with
Equ.7b, can be rewritten by separating out the parts with time independent and time
dependent strains/displacements,
(Equ.22)
1 . m du, (0) n . du?
J(t) = J.{(E o,E; + Tom Gijsﬁjdy ~ o e njds} + J{m c,g;dy — o o njds}

r r

where we have defined the creep displacements u; = u, (t) — u, (0) the gradients of which

give the creep strains. The ratio of the creep displacement gradients to their rates will
clearly be the same asthat for strains, ie.,

du’

ddl'j(x =f(t) (near crack tip) (Equ.21b)

dx

Thefirst term in Equ.22 is not the same as J(0) because the stressesin EqQu.22 are
evaluated at timet. Hence thisfirst term is time dependent. Providing we confine
attention to sufficiently small contours, I', the first term can be written in terms of J(0) by
using theratio of stresses at timet and time zero given by Equs.15 and 18. In the specia
case that the plastic and creep indices are the same, m = n, these give,

1

o;;(1) _[ DC(t) jml
;0 (B(1)J0)

(for m= nonly) (Equ.23)

Substituting thisinto Equ.22, and noting that the above time-dependent factor may be
taken outside the integral because it does not depend upon the spatial coordinates, gives
the first term in Equ.22 to be,



1

DC(t) JM‘](O) (for m=n 0n|y) (Equ24)

B(1)J(0)

Jt)(first termonly) = (

In the general case, when m = n, the ratio of stresses at timest and zero retains a
dependence upon ‘r* and ‘6’, and hence cannot be factored out of the contour integral to
provide an expression like Equ.24. Thisisthe reason for restricting attention to the
specia casem =n.

The second term in Equ.22 is the same as that defining C(t), Equ.11b, except that creep
strains (displacement gradients) occur in place of creep strain rates (displacement
gradient rates), and Equ.11b applies only for sufficiently small I". Equs.21,21b are
appropriate in thislimit of small I". Hence, substituting for creep strains and creep
displacements in Equ.22 using Equs.21,21b, and noting that f(t) does not depend upon
spatial coordinates and so may be taken outside the integral, we get simply,

J(t)(second termonly) = f (t)C(t) (Equ.25)

This, together with Equ.24, gives,

) = (%S)JMJ(O)M L (H)C() (Equ.26)

Substituting for f(t) from Equ.21 gives,

1

() = (—Dc(t)jMJ(O)nn+1 LB MM ]'B(t')“lﬂC(t')“nﬂdt' (Equ.27)

B(1) 5

This expression may be simplified using the following scaling transformation,

1 1

J(t) = B(t)" J(t), C(t) = B(t)"C(t) (Equ.28)

Equ.27 then becomes,
- N1 on 1t
3 = (DC J+30) ™ + Tty [Crr) (Equ.29)
0

Equ.29 may beinverted to giveé(t) in terms of 3(t) asfollows; differentiating gives,

£:a+£ J ]d_c (Equ.30)

(n+1)C ) dt



which simple manipulation shows to imply,

~ ~ 2
%[%J F(n+ 1)[%} -0 (Equ.31)

which can be integrated directly to give,

Jn+l t
JE: =(n+1) IJ(t’)” dt’ + constant (Equ.32)

0

Equ.29 shows that the constant, ie. the LHS evaluated at time zero, is just DJ(0)". Hence
Equ.32 gives,

:]' ) n+l

C(t) = (Equ.33)

t

(n+1) j J(t)"dt’ + DI(0)"

Finally, Equ.33 can be re-expressed as the equation we have been seeking for C(t) in
terms of J(t) and B(t) by using Equs.28, i.e.,

o) - B()J)™

(Equ.34)

t

(n+1) j B(t")J(t")"dt’ + DI(0)"

In the case of secondary creep (constant B(t)), Equ.34 becomesidentical to Joch &
Ainsworth (Ref.2) Equ.26.

5.2 Estimation Formulae for J(t) and Hence C(t)
The estimation formulafor J(t) which has been introduced at this stage by previous
authors (Refs.1,2) is,

J(t) ~ J0) + C*t (Equ.35)

Our derivation avoids the use of this approximation, not least because it is not clear that it
is true for primary creep. In fact, for primary creep, it is not clear what is meant by C in
Equ.35. If creep described by Equs.1 prevails for the whole time of interest, then no
quantity C is defined by Equ.14. On the other hand, if the R6 based reference stress
formulawere used to define C” (see Equ.37 below) then C’ is time dependent, which
undermines the linear time dependence intended by Equ.35.

Instead of Equ.35 we shall introduce the reference stress based estimation formulafor J.
Considering firstly the case of no creep, the usual reference stress formulafor J(0) is,
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3(0) = =

ref

Kor (Equ.36)

where o iSthe primary reference stress, €. = (sfef +eh, ) isthe corresponding elastic-

plastic reference strain, and Kot is the sum of the primary and secondary elastic stress
intensity factors. Equ.36 ignores the small scale yielding correction. The assumption
implicit in EqQu.36 is that the effects of plasticity in enhancing J(0) above its LEFM value
can be attributed to the primary load induced strains alone. In R6 terminology thisis
equivalent to assuming that the secondary stress plasticity correction factor, p, is
negligible. These approximations are not essential, but simplify the algebra and are
unlikely to introduce serious error as regards the eventual estimation of C(t).

We now wish to find an estimation formulafor J(t), which must also include creep
strains. The R5 estimation formulafor C* is,

C, =l K2 (Equ.37)

cYref

where Kp isthe primary stress intensity factor. However, in steady state creep we have
C =dJ/dt, so Equ.37 gives,

J(t) = J(0) + &k 2 (steady creep) (Equ.38)

Gref

Our estimation formulafor J(t) is simply to assume that EQu.38 holds at all times, i.e. that
Jincreases above its elastic-plastic value by an amount which is proportional to the creep
strain, irrespective of any possible non-linear accumulation of the creep strain with time.
Hence,

€p
8ref

Jt) =

c
K'?’OT + € et (t)

ref G ref

K2 (Equ.39)

The estimation formulafor C(t) is found by substituting Equ.39 into Equ.34. We note that
Equ.lagives,

B(t) = £ (%n (Equ.40)

Hence the integral in the denominator of Equ.34 becomes, using Equs.39,40,

t t €p [ ’ n.c ,
J‘B(t’)‘](t’)ndt’ = J.|:gr_ef K_?_OT + Sref (t ) K|23:| gref (t ) dt/
0 0

n
Gref Gref Gref



eret (1) i n ’
- I {ﬁK%T*‘Sfd(t)Ki} dgfefn(t)

0 ref ref G ref

2n 2 2 n+1
LS Kror e+ Ke €y | — (sreepf )M (Equ.41)
N+1{ o Ke Kror

Note that in deriving Equ.41, o and K, can be taken out of the integral because they
depend only upon the primary stresses, and hence are time independent. K+or can be
taken outside the integral because we are ignoring creep relaxation of secondary stresses.

The numerator of Equ.34 is,

+1
0 % (e & "
B(H)J(D)"* == ( = Kior +— KéJ
Gref Gref Gref

n+l
2(n+1) 2
S A ( K, ] .
O et Kror
K 2n K 2 K 2 n+l
:( TOTJ ( TOTJ C.le® +( P J g (Equ.42)
ref ref ref
Oref Ke Kror

where we have used the R5 estimation formulafor C* (Equ.37). Hence, substituting
Equs.41,42 into Equ.34 gives,

ct) @+

2 = Equ.43

Co ([@+17)"-1+0 (Equas)
Ko )

where, T= [—Pj SrTj (Equ.44)
Tor ) Cret

N 2n 2 0 2
and ¢ — DJ(O) ( Gref j ( KP J — 8ref ( KP J (Equ45)
(ngf )n+1 Kror Kror g \ Kror

where the last step has been accomplished by substituting for D and J(0) from Equs.6 and
36 respectively, and noting that the multiaxial EQu.6 implies the uniaxia relation,

ehy = Doy (and we are assuming that m = n) (Equ.6b)

We note the following features of Equs.43-45,



i) ¢ isaplasticity correction term. The larger the plastic strains, the larger is ¢ and
hence the smaller is C(t).

i) For plastic strains much larger than the elastic strain, and when thereis no
secondary loading, p—1and C(t) = C, .

iii) Equ.45 for ¢ shows how the effects of plasticity and secondary loading interact. In
particular, for large plastic strains, the maximum value of C(t), at sufficiently

2 .c
early times, is (hJ Cy = Fra K2, .
K P ref

iv) Equs.44,45 show, as expected, that it is conservative to ignore the creep relaxation
of the secondary stresses (i.e. C(t) islarger if Kror is over-estimated).

V) The definition of t, Equ.44, involves the elastic-plus-plastic strainsin the
denominator, not just the elastic strain. Thiswill make t smaller than would be
the caseif elastic strains only were used, and hence leads to alarger C(t).
(Overall, however, plasticity will decrease C(t) due to the ¢ term).

Vi) It isinappropriate to refer to t as adimensionless time in the case of primary
creep since Equ.44 shows that t is not linearly related to time when Equ.1is used
for strain rates. Hence t must not be approximated as t/t.eq in the primary creep
regime.

Equs.44, 45, 46 provide the sought-for estimation formulafor C(t). It is remarkable that
this estimation formula can be derived for arbitrary primary creep behaviour, B(t).
Despite the fact that B(t) does not appear explicitly in Equs.44-46, primary creep affects
the value of C(t) through the magnitude of the creep strain, €7 , in the definition of the

normalised time, T (Equ.44). The more rapid the accumulation of primary creep strain,
the larger is T, and hence the smaller isthe ratio C(t)/C*, at any given time. [It does not
follow that C(t) is smaller, because C* islarger].

In the particular case of secondary creep, Equ.43 is the same as the estimation formula
derived by Joch & Ainsworth (Ref.2, Equ.28). In particular, their definition of the
dimensionlesstimeis,

* 2 -.C 2 Cc
= C t:( Ke J 8fs‘t :( Ke ] nge‘ (for secondary creep)  (Equ.46)
J(0) Kror ) &ra Kror ) &re

in agreement with Equ.44 (although Joch & Ainsworth considered only the case of zero
secondary loading, Kp = Ktor).

For redlistic plastic hardening behaviour, as opposed to the idealised power-law assumed
in the above derivation, the plasticity correction factor, ¢, will be estimated relatively
crudely by Equ.45. In particular, if thereis a proportionality limit stress, then when the
reference stressis below this stress, the plastic reference strain is zero and hence the
plastic correction factor given by Equ.45 is zero. C(t) isthen given by Equ.43 to be the
same as that which would obtain if plastic strains were zero everywhere. Thisis



physically unreasonable because there will be plastic straining near the crack tip at
arbitrarily small reference stresses.

Small scaleyielding terms, eg. in R6, vary as (csref /csy)2 =L2.Sincee’, =0.2%atL,=1
areasonable suggestion for an effective plastic strain to employ in Equs.44 and 45, when
the strict value of €, is zero, might be,

&P, (small scaleyielding) = 0.2%L2 (for Ly < oL/ o) (Equ.47)

where o isthe proportionality limit stress. The use of Equ.47 thus allows crack-tip
plasticity effectsto be taken into account for arbitrarily small levels of applied load. On
reflection, this seems rather a crude estimate. It would be better to use the small scale
yielding correction compatible with the R6 FAD in the estimate of J(0) inserted into
Equ.(39) and work the implications of this through. Perhaps it amounts to much the same
thing? (RAWB, 26/3/08).

5.3 lllustration of Special Cases:

(A) No Plasticity
The estimation formul ae become,

c(t) _ @+

- Equ.43c
Cq (1+ r)ml -1 (Eq )
Ko ) e
where, 1= (—P) E{Te‘ (Equ.44c)
Tor ) Eref
and, ¢=0 (Equ.45c)
In this case C(t) is divergent ast—0 since Equ.43c gives,
* -C 2
Clty> S =L [Ew |Kror (55150 (Equ.48)
(n+)t n+1lle, ) E

For secondary creep theratio of strain rate to creep strain isjust 1/t, whereas for primary
creep with a power-law time dependence, i.e. for £° = AtPc" with p<1, thisratio is p/t, so,

2
C(t) » Ktor (for secondary creep ast—0) (Equ.49)
(n+1)Et
pK '?’OT :
C(t) » (for primary creep ast—0) (Equ.50)

(n+1)Et



Hence, the strength of the divergence in C(t) ast—0 is «c1/t for both secondary and
primary creep, although the amplitude is afactor ‘p’ smaller in the latter case. This
appears to be consistent with Riedel (Ref.5) whose equations (25.6) and (25.8) permit the
identification of C(t) with Riedel’s C*, and equation (25.6) implies that this quantity
varies oc1/t for constant applied load.

(B) With Small Scale Plasticity
This caseis defined by areference stress which is less than the proportionality limit

stress, and hence strictly has €F, = 0. In this case we use Equ.47 to define an effective

plastic strain appropriate for the crack tip. The estimation formulae are as Equs.43-45.
The short timelimit is,

C e
C(t) - Cdf:f = Zrct Ere Oy [for << gl(1+n)] (Equ.51)

8refGref

which isfinite for secondary creep (unlike Equ.49), but which diverges o t** withp < 1
in the case of primary creep with power-law time dependence, i.e. for ° = At’c". Thisis
aless strong divergence than Equ.50.

(C) Widespread Plasticity (¢% > 0)
The estimation formulae are again just Equs.43-45. The only difference from case (B) is
that €!, isfound by substituting the reference stressinto the hardening curve, as usual.

The short time behaviour is essentially the same asfor case (B), ie. finite at time zero for
secondary creep, but diverging ast”* with p < 1 in the case of primary creep with power-
law time dependence, i.e. for ¢ = AtPc".

Hence, we conclude that the t = 0 singularity in C(t) persistsin the case of primary creep,
despite the effects of plasticity in ameliorating its strength.

If the plastic strains are much larger than the elastic strains, b, >> ¢}, , then

2
o — (KTO% ) and hence the short term behaviour becomes,
P

Kp

2 e
C(t) —{h] C, =9 K2, for << i(

2
Equ.52
Kp ot n+1 J (Equ.52)

K TOT



6. CONCLUSIONS/IMPLICATIONS/WARNINGS

1)

2)

3)

4)

5)

6)

7)

Equs.43-45 together with Equ.47 provide the most general estimation formulafor
C(t)/Cr¢ , Where Ci¢ isfound from the R5 reference stress formulaand is time
dependent in primary creep. It is remarkable that Equs.43-45 can be derived for
arbitrary primary creep (arbitrary B(t) in Equs.1).

The plasticity correction term in Equs.43-45 can be derived only under the
assumption that the plasticity and creep hardening indices m and n are equal. FE
studies (eg. Ref.6) suggest that Equs.43-45 continue to be a reasonable approximation
for m > n, but that for m < n the ameliorating effect of plasticity is much less marked.

Asfar as| am aware, Equs.43-45 represent the first time that secondary loading and
plasticity have been considered in combination as regards their influence on C(t).
Note, however, that only the plastic strains due to the primary loads have been
included in this estimation procedure. Since plasticity reduces C(t), the procedureis
likely to be conservative, especially for secondary stresses beyond yield. (Added by
RAWB, March 2008).

When there are no secondary loadings, and when the plastic strains are large
compared with the elastic strains, Equs. 43-45 show that the plasticity correction term
& becomes unity and hence that C(t) = C,« . The physical reason for thisis that, with
m = n, the plasticity pre-establishes crack tip fields which are essentially the same as
those due to creep, and hence the subsequent creep “does nothing” as regards the
amplitude of the crack tip singularity, i.e. C(t). We can also understand the FE results
of Ref.6, which imply the same holds for m > n, because, in this case, the plastic
strain singularity is more severe than that of the creep. (Added by RAWB, March
2008).

It should be noted that Equ.44 shows that the correct definition of t involvesa
denominator of £ , i.e. the elastic plus plastic strains, rather than just the elastic
strains as is sometimes assumed. Thisis potentially important because it implies that
t issmaller, and hence C(t) larger, than would be the case if the elastic strain were

used. However, the ¢ term islikely to be dominant, resulting in reduced C(t) due to
plasticity.

For primary creep it isinappropriate to refer to t as a dimensionless time since
Equ.44 shows that T is non-linearly related to time. For primary creep it istherefore
incorrect to approximate t as t/treq.

The behaviour of C(t) for vanishingly short timesis:-

Congtitutive Law Secondary creep | Primary creep

Elastic-creep Kor K Tor
(n+1)Et (n+1)Et

Elastic-plastic-creep | Finite = C*/¢ Divergesas Ut'P (= C /)
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