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Abstract. The entanglement of formation (EoF) between one-dimensional spatial
regionsis calculated for one, two and three identical, non-interacting, non-relativistic
bosons. Both pure energy eigenstates and mixed states of up to 13 energy eigenstates
are addressed. Particular cases are thermal states. The EoF isfound to diminish as
inverse temperature to a power between 0.5 and 0.63 in 1D. The EoF is also evaluated
for mixtures of energy states which are quite different from thermal states. This sheds
some light on the reason why the EoF reduces with increasing temperature. Thisis not
dueto increasing mixity alone, but also because of the preponderance within athermal
mixture of consecutive energy states, i.e. states differing in quantum number by 1. In
contrast, the EoF remains high even for large mixitiesif all contributing pairs of
quantum numbers differ by more than 1. In particular, the EoF is maximal if all
contributing states have the same parity, even for maximal mixity. Hence, infinite sub-
mixtures of thermal states, with maximal mixity, can also have maximal EoF, even at
high temperatures when the thermal state itself has vanishing entanglement. The spatial
EoF is maximised when the partition splits the region of confinement into halves. For N
bosons in the same energy state a good approximation to the EoF for a 50/50 partition
is 1+ 0.5log,N. This provides an upper bound to the spatial EoF which can be obtained
from aBEC. For example, a million atoms in the condensed phase produce an EoF of
only 11 ehits. The spatial EoF for N bosons in a pure state with differing energies
aways exceeds that for equal energies. The upper bound for the spatial EoF of N
bosons in a pure state with differing energiesis N ebits, which contrasts sharply with
the EoF for equal energies. The upper bound of N ebitsisrealised in the case of states
of equal parity and a 50-50 partition.
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1. Introduction

The entanglement of quantum systems has been a vigorous area of research for the last fifteen
years. This has been stimulated by the realisation that entanglement is the essential ingredient
in many applications in quantum communication, [1], quantum teleportation, [2], quantum
cryptography, [3,4,5], and guantum computing [6,7]. However, a motivation of longer standing
is the appreciation that entanglement is necessary for the logical coherence of quantum
mechanics. The resolution of the EPR problem, [8], is the archetypal example. Perhaps the
simplest example, however, isto consider a single particle described by a broad Schrodinger
wavepacket. Using two detectors at a space-like separation, there would appear to be a non-zero
probability of both detectors registering the presence of the same particle. Of course thereis
not, and the resolution of this conundrum which also avoids acausal behaviour isto recognise
that the spatially separated regions are entangled, even when only a single particle isinvolved.
The further implication of this example is that the correct quantum description is the quantum
field.
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Entanglement is not an intrinsic property of a quantum system, as emphasised in [9].
Entanglement exists only with respect to a given partition of the system into component parts.
Specifically it must be possible to express the Hilbert space in question as the direct product of
the Hilbert spaces of constituents, H = H 5 ® H g. With respect to this particular partition a

given pure state is said to be separable if and only if it can be written as the direct product of A
and B states, i.e,, |y)=|a) , ®|b), where |a) , eH ,and |b) , € Hp. A state which cannot be

so factorised is said to be entangled with respect to the partition H=H , ® Hg.

It is not mere pedantry to insist that the partition in question is clearly defined. For agiven
guantum system, one may discuss many different types of entanglement depending upon how
the composite system has been chosen to be partitioned. Failure to identify clearly what
partition isintended can lead to confusion. It has been shown, for example, that any state vector

| 1//> in any Hilbert space of non-prime dimension is separable with respect to a suitably chosen

partition, [9]. The partition in which a composite state is separable is not necessarily the most
obvious one. For example, considering a hydrogen atom to be composed of a proton and an
electron is a partition in which the hydrogen atom is entangled, [10], albeit to only a small
degree dueto the disparity of its constituents’ masses. The partition which disentangles the
hydrogen atom and provides a separabl e state is the combination of the atom’s centre of mass
and the ‘relative particle’ with mass equal to the reduced mass, [10].

A further example is provided by a system of identical, non-interacting bosons. Suppose we
consider a particle based partition in which |i>j represents the j™ particle in the i quantum state

(perhaps an energy eigenstate in a confining potential). A state of N particles can then be
represented by adirect product of such states, one for each particle, together with such
symmetrisation as may be required. If the bosons are all in the same state, as happens in the

BEC phase, the N particle state is the direct product | g),|g),..g) , , where g represents the
ground state. Hence, the BEC phase is separable with respect to a partition into particles.

However, another possible partition is the spatial partition which results from the field
description. In this case the objects whose states form the component parts are not the particles
but spatial regions. For example, aregion of confinement may be divided into two parts,
denoted by the subscripts o and . The Hilbert space of the system may be expressible as a
direct product of the Hibert spaces of these spatial parts which in general may be entangled. For
example, if there were just a single particle present, a possible state after tracing out unwanted

details is(] 0,05 +1 04 )/ /2 , where the number denotes the occupancy of the region.

This state is spatially entangled. Spatial entanglement of this sort arises naturally below the
BEC transition temperature, [11,12,13,14,33,34], essentially because of the dominance of a
single energy eigenstate. The hypothesised association between spatial entanglement and the
long range order characteristic of phase transitions has been another recent incentive to the
study of entanglement.

Clearly, there can be no entanglement with respect to a partition into particles when only one
particle is present. However, the partition into spatial regionsisjust asvalid for one particle as
for many, so the potential for spatial entanglement exists for one particle systems, [9,15]. The
suggestion that the entanglement of single particle systems should be experimentally detectable
probably remains controversial, criticisms of early proposals being givenin [16,17,18].
However, schemes to detect single particle entanglement unambiguously continue to be devised
and attempted, e.g. [19,20,21,40], but are so far probably not free of loopholes.

Asregards the spatia entanglement between many particle systems, the theoretical existence
has been demonstrated of entanglement between spins, or individual oscillators, in thermal
states on alD lattice, e.g. [22,23]. However, these are not true examples of ‘spatial
entanglement” since the entanglement actually exists between individual atoms/oscillators
which happen to be spatially defined. In this paper, however, we are interested in true spatial
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entanglement, i.e. the entanglement between a quantum field at two locations, such as has been
discussed in [11,12,13,14,33,34]. Schemes which are claimed to be capable of experimentally
detecting true spatial entanglement have been devised, e.g. [24], but confirmation of its
physical importance remains to be seen.

Quantification of the degree of entanglement has been widely discussed, e.g., [25,26,27,28].
Many different measures are available, but often present computational difficulties, especially
for mixed states. The entanglement of formation, [29], which will be employed here, is
generaly agreed to be one suitable quantitative measure of entanglement. For pure guantum
states of a composite system, the entanglement of formation is defined as the von Neumann

entropy of the reduced density matrix of one component part. Thus, if |1//> isthe state of the
composite system, then EoF =Sy (94 ), Where p =Trg ((w)(w|)= 3 (blw)(w |b) , where A

beB

and B are the components parts, and Sy (A )=-Tr [/SA log, /SA]. Note that we shall use log,

in the definition of entanglement throughout this paper, rather than adopting a varying base
according to the dimension of the Hilbert space, as do some authors. The advantage of thisis
that the entanglement of formation (EoF) then has an absolute meaning and the entanglement of
states from Hilbert spaces of differing dimension can be compared. The unit of entanglement is
that of atwo qubit Bell state, or singlet state (one ebit).

The EoF may be easy to evaluate directly from its definition for any explicitly defined pure
quantum state. However, the situation is different for mixed states. The density matrix, o ,
defining a mixed state will have many possible decompositions into explicit mixtures of pure
states, |Wi > . That is, there will be many ways in which to express the density matrix as

p = pi|lwi )wi |, wherethe p,are real probabilitiesin the range [0,1] and the states |y, ) are
i

normalised but otherwise arbitrary and need not be orthogonal or linearly independent. The
average entanglement of this specific decomposition is defined as the average of the

entanglements of its pure states, E,, = Z p; EoF (] Vi >) . But the value of E,, depends upon the
i

decomposition, and hence cannot be the true entanglement in general, since this depends only
upon the density matrix and the chosen partition. The entanglement of formation is defined as
the minimum value of Eq for any decomposition, EoF = MINy,, >}(Ea\,) :

The definition of the EoF is uncontentious but unfortunately provides difficulties as regards
explicit computation in the general case. A closed form expression for the EoF has been given
in [30,31] for the case of an arbitrary mixture of two qubits. Simple expressions have also been
found for isotropic states (the class of density matrices which are convex mixtures of a
maximally entangled state and the maximally mixed state), [32]. However, the general case
remains a challenge to evaluate. In this paper, the EoF of density matrices of dimension greater
than 2 x 2 has been evaluated by numerical optimisation (see the Appendix).

2. Purpose, overview and structure of the paper

In this paper we evaluate the spatial EoF for systems of one, two or three identical, non-
relativistic, non-interacting bosons. (The cases of single particles may equally be regarded as
fermions). Pure states of definite energy are addressed as well as mixtures of such states. The
energy eigenstates are defined with respect to a confining potential, or box, and the calculations
arerestricted to the 1D case. The formulation of the problem is described in Section 3.

There were several motivations for thiswork. The first was to clarify the dependence of spatial
EoF on the size, position and spacing of the regions defining the partition. These issues are
illustrated here using the simplest possible case: asingle particle in a pure energy eigenstate
(Section 4). The second motivation was to gain greater understanding of how the spatial EoF
changes with increasing mixity, and how the specific energy states in the mixture affect this. To
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this end the spatial EoF of mixtures of between 2 and 10 energy states are calculated for a
single particle (Section 5). This permits the special case of thermal mixtures to be addressed for
asingle particle, illustrating the reduction in EoF with increasing temperature (Section 6). A
third motivation was to understand how particle number influences the EoF. Some observations
are made regarding the N particle spatial EoF for pure energy states, distinguishing particularly
between the cases when all particles are in the same energy eigenstate and when all particles are
in different energy eigenstates (Sections 7,8). The EoF is calculated explicitly for pure states of
two and three particles in differing energy eigenstates (Sections 8,9). Finaly, the EoF is
calculated for mixed energy states of two particles approximating the thermal state (Section
10).

A final motivation was to understand the absolute total spatial EoF in these states. Whilst
spatial entanglement in systems of free bosons has been calculated before, e.g.
[11,12,13,14,33,34], this has been restricted to quantification via the negativity, [35], or by
purity measures, [14,28]. In effect these entanglement witnesses are restricted to quantifying
the entanglement of just a single mode, and hence are all of order unity or less despite the
many-particle systems considered. In contrast, here we address the total entanglement of
formation.

3. Formulation of partitioned states

Numerical examples will be restricted to the 1D case and hence the formulation below is aso
restricted to 1D, though it generalises to 3D in a straightforward manner. We consider non-
relativistic, non-interacting bosons confined either through some central potential or within a
box. The potential, V (X) , is assumed to be sufficient to produce bound states. The energy

eigenfunctions of the Hamiltonian, H = —7252 / 2m+V(x) , are denoted u(n, x). To simplify
the numerical examples, the potential is required to be symmetrical, i.e. an even function,

V (-x) =V (X) . Consequently the energy eigenstates, u(n, x) , have definite parity. The potential
is also assumed to produce an infinite set of bound state eigenfunctions which are orthonormal
and complete. Examples include a harmonic potential or box confinement. The latter case will

be used in numerical examples, although not necessary for the general development. We shall
refer to the total spatial region as a ‘box’ for convenience, but this may be infinite space. The

box modes are u(n, x) = \/%sin(%j , Where x'=x+ L/2, which vanish at the box

walls, x=+L/2.

In terms of aFock basis, a quantum field operator is (x) = > u(n, X)&, . Formulation of the
n=1
partitioned states broadly follows[11]. The creation operator for a mode specified by f (x) can

bewritten f* = [ £(x)y " (x).dx and f is assumed normalised, j|f(x)|2dx=1. A normalised

Box Box
state of asingle particle in this mode is then fr | 0> . Now consider the box to consist of three

spatial partitions, labelled A, B and O. For region A, the mode function is modified such that its
support is A. Hence the creation operator for a particle in this mode, and henceinregion A, is

£+
f A, Where,

of { = [ 10" (x).dx 1)
XeA

The constant, a, is defined so that f,I| 0> isanormalised state representing asingle particlein

this modein region A. Hence we require, |a|2 = J' |f (x)|2dx . Creation operators for regions B
XeA
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and O are defined analogously. Now choosing f(x) = u(n,x), we have,

f+_)é;=ar¢é;n+ar?égn+ar?é6n (2)
. 1 & ax
where, pn =— > RI&K ©)
n k=1
and, Rik = [u(nxu(k,x)" dx, (4)
XeA
A2 |pAl? 2
and, ap| = Rx| = [lu(n, )| dx (5)
k=1 xeA

The latter expression follows from the completeness relation for the eigenfunctions,
> u(k, x) u(k, y) = 5(x - y), which also gives 3" R Rk = Rim- Equation (5) also holds for the
k=1 k=1

other regions, with A replaced by B or O. The commutation relations between the partitioned
creation and annihilation operators are,

A+ A+ A+ A+ A A A A A A+
(85 )= [, 85 |= [aan B = [Aan B = [Bam 880 = 0 (6)

The last of thesefollows from [ dx [ dy U, (X)upm(y) 8(x - y)=0. However, the distinction

xeA yeB
between the partitioned operators and the true Fock operators results from the final commutator,
o 1 & RA
A A A
Snm = [aAn 1 a;m = A* A z Rnk Rnk = Ax 4 A (7)
n &m k=1 n %m

Thisisunity whenn=m, i.e. Srﬁ =1, consistent with Fock space, [ém, a; ]z Onm - However, unlike
the latter, (7) isalso non-zero in general for n = m. It isthislatter fact that gives the partition its

non-trivia structure and leads to the entanglement of formation falling below its maximum possible
valuein certain cases.

The Fock states for the whole box are,
W, (LN
\/N_ll N

Analogously we can define partitioned states with respect to the A, B and O regions by,
A Nl A N2
(anl ) (azkz ) | 0>

§| N]_(kl)aNz(kz), ..... >AE N, . N (9)
1 2°

N1 (), Np (Kz),eonr)

and similarly with A replaced by B or O. However, caution is needed when dealing with these
partitioned states since they are not all mutually orthogonal. Indeed, they would not all be
normalised, either, were it not for the introduction of the & coefficient. Partitioned states of N

particles all in the same energy eigenstate, k, i.e.,
N
é+
|N(k)>AE£\/LkWIL.|O> (10

are normalised and mutually orthogonal. Hence, £ =1 in these cases. However, the partitioned
states of two or three particles of differing energy require £ >1 in order to be normalised in
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general. For the states | nm) , =|1(n), (m)) , and |nmq) , =|1(n),}(m),(q)) ,, wheren, m and g are

2
all different, normalisation requires|&

= (0| amaandandam|0) and

2
grﬁm‘ = (08 amA a8 AnaAmaAq| O) - Repeated use of the commutation refation, (7), leadsto,

el =[5 (1)
Eia| =1+ 2m(sr¢msrf}]s,¢H)+{snAm “ilsal’ +‘s;\n‘2} (12)
Two single-particle partitioned states in different energy states, |n) , =|1(n)) , and
|m) , =|1m)) , , are not orthogonal in general. In fact,
A(n|m) , = (0lfaan 85| 0) = S, (13)

Similarly, apair of two-particle states, say

ng) ,and [nm) ., will not in general be orthogonal, as

A+ A+

reduction of A(nm|nq) , = (0], 8,8n8Aq|O) Using the commutation relations shows. All the

above relations apply equally with region A replaced by B or O. Partitioned states for one region
are all orthogonal to partitioned states for another region. Partitioned states of N particles are
orthogonal to any partitioned state of a differing number of particles.

Since the states u(n, x) have definite parity, we may assume that the states are labelled so that
their parity is (— 1)”*1. The implication of thisfor a partition into regions A and B which are

AB

2
each half of the box isthat all of the |a; ‘ =1 andS4Y = R/vE =0 whenever n and m have

the same parity. The latter follows from orthogonality of the eigenstates
ju(n, X)" u(m, X)dx = Jn,mand the fact that the integral receives equal contributions from both

halves of the box when the parities are the same.

4. Spatial EoF for asingle particlein a pureenergy state
Despite its simplicity, this example provides insight into the dependence of the spatial EoF on the
Size, position, and gap between, the spatial regions. The vacuum is written as the direct product of

the vacuum for each part: |0) ,|0) ;| 0), . Hence (2) gives,

A B o)

M=) 40)5[0)g +an[0) M 5|0)g +@r[0) 4|05 Mo (14)
It isclear from (14) that the energy eigenstates will in general be entangled with respect to this
spatial partition. Suppose we are interested in the bipartite entanglement between regions A and
B. We are thusinterested in the density matrix formed by tracing out the state of the “other”
region, O, which gives,

2
oy |O>A|O>B<0|A<O|B (15)

Pas =Tro(|n><n|)=|75><7f|+
where, | 2)=an|n) Al0)g +an |0) 5[ M) (16)
In terms of a2 x 2 bipartite basis with matrix indices in the order |0>A|O>B, |O>A| n>B ,

M) \[0) g+ M) 4|}, the density matrix is,



Spatial entanglement of formation in pure and mixed energy states

ol2

an 0 0 0
B|? A B

(pps )= 0 o, an azn 0 (17)

0 afal | 0

0 0 0 0

2
noting that >’ a,| =1, asrequired. Sincethisisa2 x 2 bipartite density matrix, the EoF
I=AB,C

may be found using the closed form solution of [30,31]. The resulting EoF has been calcul ated
for the case of aparticle confined in abox and illustrated in figure 1 (for n = 1). In this
illustration the regions A and B are of the same size and symmetrically disposed about the box
centre, in general with a gap between them. The same results are obtained whether the box is
one dimensional or three dimensional so long as the regions A and B both extend over the
whole of they and z widths of the box in the latter case. Figure 1 plots the EoF against the
length of the regions (as a proportion of the box width). When A and B are each half of the box,
the EoF is unity. Thisistruefor al pure energy states as may be seen from the reduced density
e o
matrix whichis

10
, | and this becomes %(0 1] for ahaf-and-half partition. This

0 e
istrue for an arbitrary symmetrical confining potential, V (x) . The EoF reducesif the A and B
regions are reduced in size, or the gap between them isincreased. For other pure energy states,
e.g. n = 2, the dependence of the EoF on the gap is more complex and need not be monotonic.
Thisis simply because the EoF tends to be greater if the magnitudes of the a{,*B coefficients

are larger — and this depends on what positioning of the A and B regions captures the most
probability density, see (5). Note that the absence of a dependence on the gap reported in [11] is
a consequence of the free space (plane wave) normalisation used in [11]. In general there will

be a gap dependence for confined particles since the magnitudes of the ar’,*B coefficients
depend upon the positioning of the A and B regions, even for agiven length.

5. Single particle in equal mixtures of energy eigenstates

5.1 Orthogonalisation procedure

In this investigation we assume throughout that the regions A and B are each half of the box
(region O vanishes). Hence, for a pure energy state the EoF would be unity (see Section 4). We
also confine attention in this Section to equal mixtures such that each of Ns different energy
states contribute with probability, 1/Ns. The density matrix for an equal mixture of the energy
states ny, Ny, ... IS,

.1y

P=N—i|ni ) | (18)

Si=l

Each energy eigenstate can be written in the form,

[y ) =am ;)0 + e [0) 4|y ) (19)
aB :_ Hu(n- x)‘zdx (20)

nj - ]!

xeAB
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Figure 1. Spatial EoF of asingle particle in the ground state versus the length of the
partitions for various gaps between the partitions and with the gap centred on the
middle of the box.

0,

2
We have written (19) with arbitrary o coefficients but we consider only ‘a J-A'B‘ = Yinthe

numerical examples, i.e. the box is partitioned into equal halves. Because the partitioned states
1n i >A 5 } are not orthonormal, we need to introduce an orthonormalizing scheme before

attempting to find the EoF numerically. The orthonormalized single-particle A-partition states
are denoted {y/JA>} In terms of these the ‘ n; >Astates are written,

)= S Chlwt) @

j
Similarly, the B-system states are written ‘ n; >B = ZCﬁ(‘l//E> . Thefirst of the basis vectorsis

just,

‘WIA’B>=|nl>A,B (22)
For j > 1, orthonormality givesthefirst coefficient in (21) as,

Ch = almuln), =S (23)

where for clarity we have introduced the notation Sfjyjto stand for S evaluated at
K'=n,andL =n, . The remaining coefficients are found by successively forming the scalar

product of (21) with each state ‘z//kA> in turn. Thisleads to the following general expression
which appliesfor 1 <k <j,

1 k-1
o | - Searet @
kk i=1
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The last coefficient for each j” is given by,

A i-1 A2

Note that (24) involves finding the k™ coefficient for the | state in terms of , (a)the i
coefficients of the ™ state, with i < k and which have thus already been found, and, (b)the
coefficients for the k™ states with k < j, which have also already been found. Thus the only

additional evaluation required for each new C J’?( isthe scalar product S[Q] from (4,5,7).
Equations (23,24,25) apply equally with A replaced throughout by B.

The orthonormalization scheme of (21-25) result in the N energy states, (19), being expressible
in terms of Ng+1 A-system states and Ns+1 B-system states. These states are the A-vacuum,

|0> A+ and the Ns occupied A-states, ‘1// JA> , plus the B-system equivalents. Hence, the density

matrix for a mixture of Ns distinct energy statesis aspecial case of an (Ns+1) x (Nst+1)
bipartite density matrix.

5.2 Mixtures of equal parity energy states
If al the energy states contributing to the mixture have the same parity, and a 50/50 partitionis

considered, then SnA,;qB =0 for al pairs of stateswith n= m, and the C-coefficients become
simply C % = Oexcept for C % =1. The original partitioned states inj >AB} are aready

1

orthonormal in this case, |1>:E{1>A\0>8 +\O>A\1>B}, 1

J2
simple to show that any mixture of such states gives unit entanglement. The restriction to just
odd or even parity states can be envisaged as placing a boundary in the middle of the box, with
suitable boundary conditions imposed (Dirichlet for odd parities, Neumann for even parities).
In either case we end up with a set of states which are orthogonal not just over the whole box
but also over each half-box. So the partitioned energy states form an orthonormal basis.

ﬂ2>A‘O>B +‘0>A‘ 2>B}’ efc. Itis

2)=

5.3 Numerical results for the EoF of single-particle mixed states

The EoF has been evaluated using the numerical method described in the Appendix for two,
three and four state mixtures of a single particle and for arange of quantum numbers. The
resultsare listed in tables 1, 2 and 3 respectively. The minimum EoF for agiven Nsis the state
of lowest mean energy, i.e. the mixture with consecutive energy states starting with the ground
state, n; = 1, n, = 2,etc. Of the cases evaluated, that with the second lowest EoF had quantum
numbers (3,4,5...). Hence, energy is no guide to the EoF after the lowest energy state.

The entries shown in italics (online red text) in tables 1-3 are those for which all the quantum
numbers n; differ by more than 1. It is striking that these are a so the cases for which EoF > 0.9.
If any pair of quantum numbers differ by 1, then EoF < 0.9, otherwise the EoF > 0.9. Thus, the
spatial entanglement between the two halves of abox confining asingle particle which is
equally likely to occupy any energy state chosen from a set which all differ in quantum number
by >1, islittle less than the maximal value of one ebit. Despite the elementary nature of the
analysis, thisresult is nontrivial — even rather surprising. As noted in Section 5.2, if al the
guantum numbers, n;, have the same parity then the EoF is unity.

Does additional mixity lead to areduction in entanglement? Consider firstly adding athird state
to atwo-state mixture. It certainly is not the case that adding the third energy component
automatically reduces the entanglement. For example, consider n;=1 and n,=2. The
entanglement of thistwo energy mixed state is 0.3862. However, we see that adding a third
energy component with n;>3 leads to an entanglement of >0.5033, i.e. the entanglement is
larger for the three-energy state. The reason for this, however, is that the n;=1 and n,=2
combination has a particularly low entanglement. In the three energy state with n;=1, n,=2 and
n;=4 (say), we might equally well have considered the pairs n,=2 and ny=4 (with unit



Spatial entanglement of formation in pure and mixed energy states

entanglement) or n;=1 and n;=4 (with entanglement 0.9151), with respect to which the three
energy state has reduced entanglement. This suggests that the best comparison might be with
the pair-wise average entanglement. For example, for n;=1, n,=2 and n;=4, the pair-wise
average entanglement of the three energy state would be (0.3862 + 1 + 0.9151)/3 = 0.7671,
with respect to which the actual three energy state entanglement is reduced (i.e. 0.5033 <
0.7671).

Table 1. Equal mixtures of two energy states (n,m) for a single particle and a 50/50 partition.
Italic (red online) text indicates states with quantum numbers which differ by >1.

EoF
0.3862
0.9151
0.9653

0.981
0.8039
0.9894
0.9977
0.5740
0.9413
0.9750
0.7549
0.9828
0.9956
0.6163
0.9501
10 0.9790
odd odd 1

even even 1
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Table 2. Equal mixtures of three energy states (n,m,q) for asingle particle and a 50/50
partition. Italic (red online) text indicates states with quantum numbers which differ by >1.

EoF
0.3638
0.5033
0.5803
0.6426
0.9371
0.7719
0.9192
0.9314
0.5406
0.8615
0.8259
0.8676
0.8286
0.9870
0.7355
0.9914
0.4922
0.6657
0.7014
even even even 1
odd odd odd 1

=]

WWWNNNNNNMNNNRRRRERPRRRPR
ADDMNUUOORDRWWOWWEREDRERMWWNNNS
NOoOUNONUINOUORMA~NOUO MO AWLO
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Table 3: Equal mixtures of four energy states (n,m,q,r) for asingle particle and a 50/50
partition. Italic (red online) text indicates states with quantum numbers which differ by >1.

n m q r EoF n m q r EoF
1 2 3 4 0.2430 2 3 5 8 0.8558
1 2 3 5 0.5074 2 3 6 7 0.7316
1 2 3 6 0.4744 2 3 6 8 0.8551
1 2 4 5 0.4557 2 3 6 9 0.8585
1 2 4 6 0.5970 2 4 5 6 0.6388
1 2 4 7 0.6146 2 4 5 7 0.8603
1 2 5 6 0.4677 2 4 5 8 0.8428
1 2 5 7 0.6835 2 4 6 7 0.8560
1 2 5 8 0.6476 2 4 6 9 0.9870
1 3 4 5 0.5364 2 4 7 8 0.8055
1 3 4 6 0.6655 2 4 7 9 0.9876
1 3 4 7 0.7201 2 4 7 10 0.9672
1 3 5 6 0.7488 2 5 6 7 0.6254
1 3 5 8 0.9524 2 5 6 8 0.7702
1 3 6 7 0.8125 2 5 6 9 0.7884
1 3 6 8 0.9296 2 5 7 8 0.7794
1 3 6 9 0.9419 2 5 7 9 0.9931
1 4 5 6 0.5864 2 5 7 10  0.9598
1 4 5 7 0.8186 3 4 5 6 0.3689
1 4 5 8 0.7927 3 4 5 7 0.6039
1 4 6 7 0.7909 3 4 6 7 0.5840
1 4 6 8 0.9293 3 4 6 8 0.7323
1 4 6 9 0.9262 3 5 6 7 0.5805
1 4 7 8 0.7539 3 5 6 8 0.7222
1 4 7 9 0.9463 3 5 7 8 0.7708
1 4 7 10 0.9196 3 5 7 10 0.9591
2 3 4 5 0.4703 4 5 6 7 0.4551
2 3 4 6 0.6403 4 7 9 11 0.9883
2 3 4 7 0.6438 4 6 8 11 0.9847
2 3 5 6 06550 odd odd odd odd 1

2 3 5 7 0.8948 even even even even 1

In asimilar manner, for mixtures of four or more states, the average entanglement of all
contributing triples of states can be found. The comparison between the actual EoF and the
pair-wise averages are displayed in figure 2 for the three and four state mixtures evaluated.
Figure 2 also compares the actual EoF with the average over al triples for the four state
mixtures. This figure shows that mixing does indeed reduce the entanglement in general.
Averaging over the entanglements of the contributing triples produces a closer estimate than
averaging over the contributing pairs, though it is still asignificant over-estimate of the true
entanglement. The poorer estimate of the entanglement obtained by pair-wise averaging for the
four state mixtures, as compared with the three state mixtures, aso illustrates the effect of
increasing mixity in reducing the entanglement.

It isinteresting that there appears to be an approximately linear relationship between the pair-
wise averaged (or triple-averaged) entanglement and the true EoF, though thisline varies
according to the number of states in the mixture. This may provide a means of obtaining an
accurate estimate of the EoF of any equal mixture of arbitrary quantum numbers (n,m,q,r...)
provided that the EoF of the lowest energy state, (1,2,3,4...) isknown. The latter provides the
lowest point on the above lines, and hence provides the line itself [which also passes through
the point (1,1)]. Of course, the EoF of all contributing two state mixtures must also be known —
but thisis computationally far easier.

11
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1 *
S
o
& 4 states pairwise averages . 2 *
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0.8 +—— ) ) - *
- - - -line of equality .’ A :
A 3 states pairwise averages L AA N
’ *
m" L e
06 - . ?
] A *
"c'S | Ao *
w . °S
0.4 -
A *
] *
0.2
0 Averaged entanglement over pairs or triples
T T T T
0 0.2 0.4 0.6 0.8 1

Figure 2. EoF of mixtures of 3 and 4 energy states for asingle particlein abox:
comparison with average entanglements of pairs and triples.

However, despite the general rule that mixing tends to decrease the entanglement, this does not
mean that highly mixed states necessarily have small EoF. Thisis because it may be that every
pair of states taken from amixture has alarge EoF, close to unity. This occursif all the states

have the same parity or if all pairs have alarge difference in quantum number, [n—m>>1.1In

the latter case, table 1 indicates that the EoF of all pairs would be only slightly less than unity.
Hence, the average EoF over al pairs would be close to unity and figure 2 implies that we may
therefore expect the mixture itself to have large EoF, approaching 1. In particular, a mixture of
an infinite number of equal parity states has both maximal mixity and maximal EoF, so that
purity cannot always be used as an entanglement witness.

We have also studied equal mixtures of five, six, seven, eight, nine and ten distinct energy
states. But in these cases we have confined attention to the mixtures with the lowest quantum
numbers, 1, 2, 3... Ns, where Ns is 5, 6...10. From the preceding results we expect these states
to have the smallest entanglement for each Ns value. The results are listed in table 4.

Table 4. Entanglement of equal mixtures with n; =1i.

n Numerical EoF Estimation Formulae,
(26, 27)
2 0.3862 0.3645
3 0.3638 0.3495
4 0.2430 0.2430
5 0.2329 0.2329
6 0.1806 0.1823
7 0.1744 0.1748
8 0.1449 0.1458
9 0.1408 0.1398
10 0.1217 0.1215

12
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1.458

For even Ng: EoF = (26)
2+ Ng

For odd Ns: EoF = 1.398 27)
1+ Ng

These estimates are plotted in comparison with the numerically determined EoF in figure 3.
The agreement is very good and seems to suggest that (26, 27) should provide agood
extrapolation of the EoF to larger Ns values. If this extrapolation isindeed reliable, it suggests
that the spatial EoF of athermal state of a single particle will tend to zero at high temperatures.
Thisis because the number of energy states which will contribute with comparable probabilities

to athermal mixtureis of order Ng ~ /KT / E; where E; isthe lowest energy state. Hence, the

estimation formulae, (26,27), suggest that the single particle EoF will decrease oc 1/ JT at
sufficiently high temperaturesin the 1D case.

The reduction of entanglement at increasing temperature conforms to expectation,
[9,13,14,23,33,34]. However, given that mixity has been exposed as an unreliable guide to
entanglement, this result is not as obvious as might have been supposed. In fact, the reason why
a high temperature thermal state has vanishing entanglement is revealed to be, not merely due
to its high mixity, but specifically because of the preponderance within the mixture of
consecutive energy states, i.e. states differing in quantum number by 1. Although the numerical
example has been carried out for box modes, the same conclusion must apply for any
symmetrical potential which necessarily produces states of definite parity.

0.45

0.4 A numerical EoF (even N)
¢ numerical EoF (odd N)
0.35 A\ he —a— estimation formula (even N)

' X \ —&— estimation formula (odd N)
N
0.3 N
AN
\ .
AN
0.25

EoF
/)
/
/

0.2
~ ~
& -~

0.15 \ﬁ\%

0.1
0.05

0 N (number of energy states in mixture)
0 2 4 6 8 10 12

Figure 3. Numerical EoF compared with estimation formulae, (26,27), for equal mixed
states of N consecutive energies (n,m,q,r... equal to 1,2,34...).

6. Mixtures approximating the thermal state of a single particle

In this Section we consider mixtures of the first ten consecutive energy states, but with unequal
probabilities in the mixture. The probabilities are chosen to approximate athermal state at
temperature T, and arange of valuesof E, /KT are analysed from 0.001 to 2 (where E; isthe
ground state energy and k is Boltzmann’s constant). Because we are using only 10 energy
states, the mixture ceases to be an accurate representation of the thermal state when more than

13
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10 states would contribute significantly to the true thermal mixture. The true thermal mixture
would have probabilities relative to that of the ground state given by the Boltzmann factor
(since we are considering states of just one particle the Bose distribution is not appropriate),

ool 564

Thisis used as the basis for our assumed probabilities. However, the normalisation is adjusted
to ensure the probabilities sum to unity over just the first 10 states. The approximation to the
thermal state is expected to be reasonable for KT < 30E;, for which the smallest contributing
probability (pio) is<0.05 timesthe largest (p,).

The EoF was found using the numerical method described in the Appendix and the result for
each temperature is shown in figure 4 (black curve) and in table 5. A surpriseisthat the case of
equal probabilities does not produce the minimum EoF. Actually the minimum EoF occurs for
the unequal probabilities|abelled E; / KT = 0.01, see table 5, for which p; exceeds p,, by about

x2.7 (though this case is hot a good representation of athermal state).

However, for E; /KT > 0.03, where the approximation to the thermal state is good, the
behaviour of the EoF is as expected. At temperatures KT < E,/2 the thermal state approximates
to just ground state occupation, and hence the EoF becomes unity. However, at higher
temperatures the EoF reduces steadily. It is clear from the graph that the EoF is tending towards
zero at high temperature — until the limitation imposed by our restriction to just 10 states limits
the accuracy of the representation of the thermal state. A power law fit suggests

EoF oc T %®3for one particle in 1D when KT is sufficiently larger than E;. Thisis not too

different from the rough estimate that EoF oc 1/ JT madein Section 5.3.

Table 5. Entanglement of 10-state mixtures approximating the thermal state of asingle particle
at various temperatures (50/50 partition).

E, /KT EoF

0 0.1217
0.001 0.1184
0.01 0.1020
0.03 0.1167
0.05 0.1492
0.1 0.2235
0.2 0.3471
04 0.5578
0.6 0.7211
0.8 0.8331
1 0.9035
13 0.9591
1.6 0.9831
2 0.9949

7. The EoF of N-particle pure states of equal energy

The remainder of the paper addresses the spatial EoF of states of more than one particle, assumed
to be bosons. In this Section we consider N bosons al in the same energy state. The following
Sections consider states of two and three bosons in different energy states. Before proceeding, it is
worth noting a potential source of confusion. Since the bosons are non-interacting, it may be
tempting to equate the density matrix for N particlesto the direct product of N one-particle density

matrices, py = ,01®N An expression like this cannot apply in a site-based representation. The site-
based partition can be regarded as expressing all states as a superposition of direct products of N_

14



Spatial entanglement of formation in pure and mixed energy states

Site states of the form H ®[n | > where nisthe occupancy of thei™ lattice site. Whether the state

in question is of one partlcle or many, the basis states are still direct products of the fixed number,
N_, of lattice sites. In this site-based partition an N particle state cannot be regarded as a direct
product of one particle states, since an N particle state is also expressed in a basis of products of
just N site-states.

15 Sp—
-— =T
-
-
1.25 4
LL
o
Ll
14 ®------ <
0.75
- -#- - One particle thermal state
—m— Two particle thermal state
0.5 power law fit for 2 particles (n=-0.618)
!-,./ —o—power law fit for one particle (n=-0.634)
0.25 +
E. /KT
0 T T T T T 11 T
0 0.5 1 15 2 2.5 3

Figure 4. EoF for thermal states of one and two bosons compared. The representation
of the thermal state becomes poor for Ei/KT < 0.03 for one particle, and for E;1/KT < 0.2
for two particles, but the extrapolation to zero entanglement at high temperatureis clear
(asillustrated by the T" fits).

The state of N particles al in the same energy state, n, can be decomposed into A,B partitioned
states as follows,
N . N
;) |0>:(alﬁaj&k +0‘|<Baék) |0>
JIN! JIN!

-—— % N~ (éﬁk)r(éék)N_wO)

/2N NI r,Or!(N —-r)! 29)

o S IO
r=0

rrzo o]

2
where we have assumed the 50/50 box partition after the first line, and hence ‘akA'B‘ = %.This

[N() = e

[F()a| N =1.(M)g

expression has previously been derived in [11]. Note that although the formalism has been
explicitly written in 1D, by regarding the quantum numbers, n, k, etc., to be replaced by triples such

(n n,,n ) etc., the same expression also appliesfor an N particle state of equal energiesin

x1 iy tiz )y

15
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3D. The EoF of these pure states is found simply from the von Neumann entropy of the reduced
density matrix. For example, for 2, 3 and 4 particles, the reduced density matrices are
diag(1,21)/ 4, diag(1,3,31)/8 and diag(14,6,4,1)/16 and hence the EoFs are 1.5, 1.811 and 2.031

ebits respectively. Recall that the spatial EoF for a single particle energy state with a 50/50 partition
is one ehit. Consequently, the EoF per particle of an N-particle state of equal energies diminishes as
N grows.

The EoF for up to amillion bosons was evaluated. A very good fit for the whole range of particle
numbersis,

EoF =1+ log, (+/N) (30)

The dependence on log,(VN) for large N can be derived from the Gaussian approximation to the
binomial coefficients. The eigenvalues of the reduced density matrix are seen to be,

C, [2 2m?
AN =N 2 expl-S—! where, m=r —N/2 31

N
and, EoF =~ AN log, (1) 32)

r=0
The limiting dependence on N follows by noting that the width of the peak of (31) varies as JIN,
whereas the height of the peak (at m = 0) variesas 1/ JIN . Consequently, the number of
eigenvalues which make a significant contribution to the EoF is proportional to YN , and the
magnitude of each isroughly proportional to 1/ VN . Hence, for large N the EoF will vary as,

EoF — \/_x\/_logz[\/lﬁJ IogZ\/W (33

8. The EoF of two-particle pure states of unequal energy
The two-particle state comprising particles with energy quantum numbers n and m with n = mis
given, for a50/50 partition, by,

|nm) =44,

1/, A A A
0)=2 (80 + 50 fétin + 83m | ) (34)
Recalling the normalisation factors of (9,11) this two-particle state becomes,
1
)= |0} ) ) ) ) ) + ) [0} (@)

Because the one-mode states |n) , and |m) , are not orthonormal, we need to apply an
orthonormalizing procedure to (35). The procedure is just as described in Section 5.1 and leads to,

|nm) = [fnm|0 ) Al M) +C22| ‘7{2>+C22‘Zz> 5 +Eom|[NM) ,|0) ] (36)
where the C-coefficients are found as in Section 5.1. Note that the derivation of (36) requires

Ch+Cl=sh +sh = 2[ [+ Ju(n, x)u” (m, x)dx = 0. Also note that correct normalisation of

XxeA xeB

2 2
(36) follows from |§,nm|2 +‘C2A2‘ =1+(SA,

2
+ {1— ‘SnAm‘ } = 2 which follow from (11,23,25).

Equation (36) is aspecial case of a4x4 bipartite state, the basis being|0>A,|n>A,‘;(2A> and [nm) |
and similar B-states. The reduced density matrix is obvious from (36), and diagonal. Putting

16
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2 2
A=|St|" =|S8.| for a50/50 partition gives the EoF of the most general pure state of two
identical bosons with differing energiesto be,
. 1+4 1+4 1-2 1-4
EoF = =-2 lo + log,| —— 37
S (a) {(4}92(4j(4J92[4ﬂ (37)

In the case of equal parity states, we have A = O, since in this case the states are orthogonal on each
half box. In this case the EoF achieves its maximum value of 2 ebits. Thus, each particle can be
thought of as contributing unit entanglement.

For other choices of n and m the EoF is smaller because A is non-zero. The largest value of A occurs
fornm=1,2, and isA = 0.7208 for box confinement. Hence, the smallest EoF for any pure state of
two particlesin abox with different energy quantum numbersis 1.5832 ebits (with respect to a half
& half partition). Note that the EoF for the case n = m, derived in Section 7, is 1.5 ebits, so the EoF
for n = m aways exceeds that forn=m

9. The EoF of three-particle pure states of unequal energy

The three particle case requires more effort than the two particle case because it turns out that we
need to carry out an orthonormalizing procedure for four different states: two one-particle states
and two two-particle states. For the 50/50 partition we have,

+ A+

| nm> = é;émaq 0> = (aAn + aBn XaAm + é—BmX Aq + an) (38)

Hence,
. S| 0) A NMA) g + S| M) ,[0) 5 +
|nmq>:m §m|n>A|m>B +‘fnt:1|m>A| nq>B +§nm|q>A|nm>B + (39)
Emg| M) 5| M) + Eng| NG 5[ M) + £ M) [ 1)

where the coefficients&;; and 5 B are given by (11,12), and we note that §nmq 5 for the

50/50 partition, so we can drop the superscript. The orthonormalization of the one-particle states
proceeds as before. The orthonormalizing procedure for the two-particle statesis as follows. Put,

|ng), = Dai|nm), + Dz’;‘azA> (40)
which defines the new orthogonalized state ‘HZA> . Hence,

D4 = a(nm|nq) , = (0]axnaanaAn8Aq|O) (41)

Repeatedly applying the commutation relations, (7), resultsin,

D4 = [SA +Sh Sk ]/ Enméng (42)
and, DA =/1- ‘quf (43)
Finally put,

), = D4 nm), +D&|65') + D3|0f) (44)

This defines the orthogonalized state \ 03A> (together with the B-equivalent). The first coefficient
follows from (42),

17
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DA =4 (nm|ma) , = [SA + SESA ) améing (45)

Using the definition of ‘HZA> from (40) gives,

D4 = A<02A‘mq>A = [A(nCI|mQ>A - DzAlD3A1]/ DA (46)
where, alnalma) , =[S2, + S S/ Enaéng 47)
and finally, DA =\/1—\D§\1‘2 —‘DgAZ‘Z (48)

It is understood that (40-48) also apply with A replaced by B. We can now express (39) in terms of
the orthonormalized states. The result is,

Suma|0) 5| NMA) g + Sy M) ,0) 5 +
aDS + £ CADE + £anCA] ), ), +
EmaDA) + EnCEDA + EanCE ] ) 1) +
EnaDS + £qCADS 1) | 08) +
mma) =~ [6naD + £,4CED2 |02 )n), + (49)
EnCHDE + £anCH | 22 ), +

EnCBDA + EmCR] ) | 22 ) +

EmqDEIN) 0|65 ) + £ CADE| 22 68) + £unCH| 28 )i , +
| Ema D[ 03 ) + EngCRDS| 05 )| 28 ) + EmCRInM) | £5)

Consider firstly the case when n, m, g al have the same parity. In this case al the S coefficients are
zero, which means that all the ¢ coefficients are 1 andC/® = D*® = ;; . Hence the 2™ through

the 7" lines in (49) are all zero, and the coefficients of all the remaining terms become 1. Hence
(49) reducesto,

1 10) [ nma) +[nma) 5[O) +[m) 5| 65°) +| 28] 65) + | 28 ) ) +
202 |02 )1, +[0£)] 28 +| ), 22)

Thisisaspecia case of an 8x8 bipartite state, the 8 states for each partition being

(50)

| nma)

|0>A,|n>A,‘;(2A>,‘Z3A>,|nm)A,‘92A>,‘¢93A> and|nma) , , i.e. three one-particle states, three two-

particle states, one three-particle state and the vacuum. The reduced density matrix is simply
(,bA)zTrB(I nmq)(nmq|)= Ig,s /8. The EoF isthus 3 ebits. In fact, it is clear that for any pure state

of N particles whose energy states are all different but all have the same parity, the EoF will be N
ebits. Thisfollows from expressions like (39) since, in this case, al the & coefficients are 1 and all

the states are orthogonal since C;*® = D/*® = 5;; . This contrasts sharply with the case when all N
particles are in the same energy state, for which the EoF is very closeto 1+ log, JN.

We now consider the casen, m, q =1, 2, 3. Based on previous results we expect that this will
produce the smallest EoF for a pure 3-particle state in which al the n, m, q are different. Equation
(49) evaluates (for box states) to,

18
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14072 0) ,|123)  +]123) ,[0) ] +]
1.0588“ 23)12)g -[12), 25 )|+

1123)= 1| 0.7330]1) A‘935>+‘9;\>|1>B]+ (51)
0.4871] 1208 ) + |0 22\ )+

_0.3505“ z§>|12>3 + |12>A‘I3B >]

Note that states |12) and| x, ) occur twice each in (51) and will thus give rise to off-diagonal terms
in the reduced density matrix. Labelling the states 1 through 8 in the order:
|O>A,|1>A,‘;(f>,‘;(§>,|12>A,‘¢92A>,‘93A>,|123>Athe reduced density matrix evaluates to,

(52)
24715 0 0 0
0 0673 0 0
0 0 .1698 0464
: 0 0 0464 0154
(5a)=Tra(123)(123))= 1555 0645 0 0O
~0645 0207 0 0
0O 0 0673 0
o 0o 0 2475

The eigenvalues of (52) are 0.2475, 0.06733, 0.0025 and 0.18266, each being repeated. Hence
the EoF of the state |123> is,
(53)
EOF(I123>)= S (P4)
=-2{0.2475log, 0.2475 + 0.06733l0g, 0.06733 +0.0025l0g, 0.0025 + 0.18266l0g, 0.18266}
=2.461

Hence, the smallest EoF for any pure 3-particle state comprising different energy statesis 2.461
ebits and thus exceeds the EoF of the pure 3-particle state with equal energies, whichis 1.811
(see Section 7).

10. The EoF of two-particlethermal states

Consideration is restricted to mixtures of just 13 two-particle energy states, namely the states
whose energy quantum numbers are (1,1), (1,2), (1,3), (1,4), (1,5), (2,2), (2,3), (2,4), (2,5), (3,3),
(3,4), (3,5) and (4,4). Thisincludes all states whose energy is 17 times the ground state, (1,1),
energy or less. The density matrix is,

p= Z pnm| n, m><n1 m| (54)

where (n,m) is summed over the 13 values indicated above. The probabilities, p.m, are defined by

the Boltzmann distribution,
2 2
Prm —exp _EB(n"+m” (55)
P11 kT 2
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The probabilities are renormalized so that they sum to unity over the 13 states considered. It is
expected that temperatures up to kT/Ey; ~ 5 should be well represented by just 13 states, for
which the smallest contributing probability (p;2) is< 4% of the largest (p,). For higher
temperatures our 13-state mixture will depart from the true thermal state. Each of the 13 pure
two-particle states can be expressed in terms of partitioned states in one of two ways,
depending upon whether n=mor n = m, thus,

1
n=m ()=o), )+ 2, n)g +[m), o), )

n#m: |nm>=%[ and0) [ nm) [ m)|0) ) o m)g +|m) ), ] (57)

The main task we have in formulating the problem is to carry out the orthonormalizing process.

Thisisrequired for both the one-particle partitioned states, | n> AR’ and also the two particle

partitioned states, | nm> since neither are orthonormal as they stand. The five one-particle

AB’
states, {[l) A,i = L2..5}, are orthonormalized precisely as described previously, the
orthonormalized set of states being denoted 1yxiA>,i = ],2..5}, where ‘yxf\> =|1) ,and the

remaining states are defined as in Section 5.1. Because (56,57) involve sums of products of one
particle states, the numerical coefficients which finally appear are obtained as sums of products

of the C jﬁ\('B coefficients of Section 5.1.

Orthonormalization of the two-particle states is similar and generalises the process already used
in Section 9. There are 13 two-particle states for each partition, |11) ,,|12) ,,[13) ,,|14) ,

|15) ,,|22),.|23),,.|24),.]25) . 33) ,, [34) ,,|35) ,,|44) , . These are to be expressed in
terms of the orthonormalized statesiﬁf\, | = L2...13>}, where ‘ 91A> =|11) ,, viathe definitions,

J
[ii)p= > D3| 68) (58)
K=1

where the capital indices take valuesin the range 1,2...13, labelling the two-particle states, and
state J denotes (ij). With this notation, the D-coefficients are found from asimilar formulato
(24),i.e,

K-1
for 1<K <, D = i {A<K|\]> ZD Djl} (59)
DKK
forK =1, D31 = a{13) (60)

where the two-particle scalar products, A(K |J> »» arefound from formulae depending upon
which quantum numbers are common, i.e.,

alnm(pa) , =[SASA + SASA ) Eamé (61)

alnming) , =[S + S8.SA I améng 62)
a(nmlaa) , =2S%Smq ! Eom (63)
A<nq|qq> \/_an légnq (64)
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a{nnqq) , = (Srf}] )2 (65)

These expressions al follow from the commutation relations, (7). The final coefficient is
determined by normalisation,

DA _ I J-1 A 2
10 =41 Z‘DJK‘ (66)
K1

After some labour, the components of the density matrix, (54), can thus be found in terms of the
orthonormal basis formed by the direct product of the 19 A-partition states, |0) ,,

11//iA>,i = L2..5}, 19|A, | = J,2...13>}, with the B-partition equivalents. The resulting density
matrix is of dimension 19 x 19 = 361, though itsrank is, of course, only 13.

The EoF of thermal mixtures of these 13 two-particle energy eigenstates has been found using
the numerical procedure described in the Appendix. The results are shown plotted against
inverse temperature in figure 4 and compared with the EoF of the one-particle thermal states.
The salient feature is that the EoF reduces with increasing temperature, at least so long as

E, /KT > 0.2 when the representation of the thermal state is good.

Like the one particle case, a surpriseis that the case of equal probabilities does not produce the
minimum EoF. Actually the minimum EoF occurs for the unequal probabilities
labelled E; /KT = 0.1, see table 6, for which p, exceeds the smallest probability, p:», by about x5

(though this caseis not a good representation of athermal state).

Figure 4 shows that the EoF of the two-particle thermal state approaches 1.5 at low
temperatures (when the mixture becomes the pure ground state and Section 7 has shown that
the EoF isthen 1.5). Comparison with the one-particle thermal state shows that the EoF is
larger for two particles (at a given temperature). As the temperature is increased the EoF
reduces steadily (until E; /KT > 0.1 when the representation of the thermal state becomes

poor). A power law fit suggests EoF oc T %2 for two particlesin 1D when KT is sufficiently

larger than Ey;. Thisis not too different from the rough estimate that EoF oc 1/ JT madein
Section 5.3, and is almost identical to the one-particle result of Section 6.

Table 6. Entanglement of 13-state mixtures approximating the thermal state of two particles at
various temperatures (50/50 partition).

E]_]_/kT EoF
p="3 0.4613
0.05 0.4147
0.1 0.4020
0.2 0.4504
0.3 0.5436
0.4 0.6457
0.6 0.8372
0.8 0.9966
1.0 1.1226
1.4 1.2911
2.0 1.4148
3.0 1.4809

0 1.5
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11. Conclusions
The dependence of the spatial EoF on the partitions’ size and position, and the gap between the
partitions, is an elementary consequence of the confined wavefunction shapes.

For mixed energy states of asingle particle: (a) The EoF remains high even for large mixities if
all contributing pairs of quantum numbers differ by more than 1, i.e. if |n—m>1for al pairs;

(b)The EoF is maximal (unity) if al contributing states have the same parity, even for maximal
mixity; (c)Theimplication is that infinite sub-mixtures of thermal states, with maximal mixity,
can also have maximal EoF, even at high temperatures when the thermal state itself has
vanishing entanglement. Hence, the reduction of EoF at high temperatures does not arise due to
increasing mixity alone. Purity is not always a good guide to entanglement for arbitrary types of
mixture. It is true that increasing mixity most often has the tendency to reduce entanglement,
and this has been illustrated here. But this general rule failsif the states in question are suitably
contrived, e.g. of equal parity.

The EoF of thermal states of one or two bosons was found to diminish monotonically with
increasing temperature, as expected. For one or two particlesin one dimension, the results

suggest that EoF o« 1/T* with x about 0.5 to 0.63 for KT sufficiently large compared with the
ground state energy. However, given that mixity has been exposed as an unreliable guide to
entanglement, this result is not as obvious as might have been supposed. In fact, the reason why
a high temperature thermal state has vanishing entanglement is revealed to be, not merely due
toits high mixity, but specifically because of the preponderance within the mixture of
consecutive energy states, i.e. states differing in quantum number by 1.

For N identical, non-interacting bosonsin the same energy state a good approximation to the
EoF is1+log, (\/ﬁ ). Thisresult provides an upper bound to the absolute EoF which can be
expected from a BEC. Even amillion atoms in the condensed phase produce an EoF of only 11
ebits. The increasingly dilute specific entanglement (EoF/N) in the thermodynamic limit
suggests that spatial entanglement in aBEC may not be a practical source of entanglement
experimentally.

The EoF for N identical, non-interacting bosons in a pure state with differing energies always
exceeds that for equal energies. The upper bound for the EoF of N identical, non-interacting
bosonsin a pure state with differing energiesis N ehits. This bound isrealised in the case of
states of equal parity. This suggests that fermions may be potentially aricher source of spatial
entanglement than bosons.

Appendix A. Numerical determination of the EoF
The method of conjugate gradients was used. The particular procedure employed has been

described in [36,37]. The method relies upon all possible decompositions, =" of ‘¢j ><¢j ‘ ,
]

of agiven density matrix being expressible in terms of aright-unitary transformation from

some arbitrary initial decomposition, 5 =" p;|w; Xw; |. Inthese expressions| runs from 1 to J
i

whereasi runsfrom 1 to | where J> |. The values of | or Jare the cardinalities of the particular

decompositions. Thus, there exists aright-unitary matrix U which connects the two

|
decompositions, ‘qﬁj > => U;i|wi), where U U =1, and thetilde on the states denotes that
i-1

these are the sub-normalized states defined by |7, ) =/p; |v ), M > =/p{|#). To capture dll

possible decompositions the initial decomposition is taken to have cardinality equal to the rank
of p,i.e, | =r. Parameterizing all right-unitary matrices in some convenient manner thus

provides a parameter space whose points are in one-to-one correspondence with the set of al
possible decompositions. In our formulation we preferred to search a space of fixed cardinality,
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starting with a decomposition defined by r non-zero vectors plus ‘padding’ by the required
number of additional zero vectors. (All ‘I vectors will subsequently become non-zeroin
general). The possibility of improved minima of different cardinality was explored by running
the program separately for different cardinaities. The advantage of thisis that the matrices, U,
are then square, and hence unitary, and can be expressed in terms of an Hermetian matrix, ® ,
as U = explio}.

The problem isto find apoint in this parameter space which minimises E,, =Y pf EoF(] o >)
i

The basic strategy is to evaluate the gradient of E,, in parameter space and then to movein
parameter space such that E,, reduces as quickly as possible. The obvious algorithm, to move
along the negative gradient, produces the method of steepest descents. The method of conjugate
gradientsis arefinement of this which generally improves the rate of convergence. The
expression for the gradient of E,, was taken from [37], equation (10), which gives,

dE,, :Zgjid®ij , where, gj; =iTrA{[|ng(ﬁjA)—|092(/3iA) qugj ><€Z| ‘)} (A1)
]

where p; =|¢; )¢ |, A =Trg(p;) and Tra g represent tracing-out the states of the indicated
partition, eg. Trg(..)= > g(X|.|X) . Notethat the gradient matrix, g, is evaluated at the

x=B-states

current position in parameter space, i.e. in terms of the current (evolving) decomposition, {(1; j >}

The bulk of the computational effort is expended in re-evaluating the gradient matrix at each
new point, since its calculation requires eigenval ue extraction in order to findlog, (/SiA) .

Some care is necessary since the JxJreal coordinates of the parameter space are not ©;;, since
i but rather (@ Jfor i <j and Im(®;; )for i >j. Different
variants of the conjugate gradient method involve different expressions for the conjugate
gradient, specifically by how much it differs from the negative gradient. The Polak-Ribiere
variant was employed here. In addition, a ‘restart’ was applied every N steps, with N set to the
square of therank. A ‘restart’ resets the conjugate gradient to the negative gradient. Finaly,
each step requires the line-minimum along the direction of the current conjugate gradient to be
found. For this Brent’s method was used.

these are complex with®;; =©

A subtlety isthat, for initial states of sufficient symmetry, the first order gradient can lead to
only a sub-set of parameter space being explored. For example, if the coefficients of the input
states are al real (asthey are in this paper) then the above algorithm leads only to states with
real coefficients, despite complex coefficients being essential to obtain the true minimum of E,,
in most cases. In our implementation this problem was overcome by alternating the method of
conjugate gradients with a simple search along prescribed curvesin parameter space, a crude
but effective strategy for symmetry breaking.

The major practical difficulty with non-linear optimisation is the distinction between a global
minimum and aloca minimum. Algorithms like the conjugate gradient method are attracted to
local minima. In general there is no guarantee that this will be the global optimum. However, it
has been suggested, [38], that local minima of E,, are also global minima. Thisisamajor boon
to the numerical determination of the EoF. It is easy to check that alocal minimum has been
reached, smply by evaluation of the finite differencesin all coordinate directions. These should
all be positive, but some components tend to be small and negative due to numerical
limitations. A convergence parameter can be defined as the ratio of the algebraically smallest
finite difference to the average value in al directions. This convergence parameter was of
considerable utility in practice, further iterations being made until any negative value became
suitably small in magnitude.
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In passing we note that in all the cases reported here a cardinality equal to the rank of the
density matrix was sufficient to obtain the minimum E,,, i.€. an optimal decompoasition. This
was demonstrated simply by trying larger cardinalities, but these never produced an improved
minimum for our states. It is known that thisis not always the case. Examples where the EoF is
non-zero and the cardinality of the optimal decomposition exceeds the rank have been givenin
[32] and [36]. The latter example considers the so-called Horodecki 3x3 states, [39], whose
rank is 7. The EoF of these states was evaluated numerically in [36]. The minimum was not
obtained until a cardinality of 14, twice the rank, was used. We have repeated this exercise to
test our numerical routines and confirm this result (and al so that the magnitude of the EoF is
very small, lessthan 0.01).
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