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1 Introduction

The entanglement of quantum systems has been a vigorous area of research for the last fifteen
years. This has been stimulated by the realisation that entanglement is the essential ingredient
in many applicationsin quantum communication, [1], quantum teleportation, [2], quantum
cryptography, [3,4,5], and quantum computing [6,7]. However, a motivation of longer standing
is the appreciation that entanglement is necessary for the logical coherence of quantum
mechanics. The resolution of the EPR problem, [8], is the archetypal example.

Entanglement is not an intrinsic property of a quantum system, as emphasised in [9,10].
Entanglement exists only with respect to a given partition of the system into component parts.
Specifically it must be possible to express the Hilbert space in question as the direct product of
the Hilbert spaces of constituents, H = H 5 ® H g. With respect to this particular partition a
given pure state is said to be separable if and only if it can be written as the direct product of A
and B states, i.e,, |y)=|a) , ®|b), where |a) , eH pand |b) , € Hp. A state which cannot be

so factorised is said to be entangled with respect to the partition H=H , ® Hg.

A possible partition is the spatial partition which results from the field description. In this
partition the objects whose states form the component parts are not the particles but spatial
regions. Spatial entanglement of this sort arises naturally below the BEC transition temperature,
[11,12,13,14,31,32], essentially because of the dominance of a single energy eigenstate.

Clearly, there can be no entanglement with respect to a partition into particles when only one
particleis present. However, the partition into spatial regionsisjust asvalid for one particle as
for many, so the potential for spatial entanglement exists for one particle systems, [9,15]. The
suggestion that the spatial entanglement of single particle systems should be experimentally
detectable probably remains controversial, criticisms of early proposals being given in
[16,17,18]. However, schemes to detect single particle and/or spatial entanglement
unambiguously continue to be devised and attempted, e.g. [19,20,21,22,38], but are so far
probably not free of loopholes.

Quantification of the degree of entanglement has been widely discussed, e.g., [23,24,25,26].
Many different measures are available, but often present computational difficulties, especially
for mixed states. Whilst spatial entanglement in systems of free bosons has been calculated
before, e.g. [11,12,13,14,31,32], this has been restricted to quantification via the negativity,
[31], or by purity measures, [14,24]. In effect these entanglement witnesses are restricted to
guantifying the entanglement of just a single mode, and hence are all of order unity or less
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despite the many-particle systems considered. In contrast, here we cal culate the entanglement
of formation (EoF, [27]). Thisisthe original feature of this paper.

The definition of the EoF (given in the Appendix) is uncontentious but unfortunately provides
difficulties as regards explicit computation in the general case for mixed states. A closed form
expression for the EoF has been given in [28,29] for the case of an arbitrary mixture of two
gubits. Simple expressions have aso been found for isotropic states (the class of density
matrices which are convex mixtures of amaximally entangled state and the maximally mixed
state), [30]. However, the general case remains a challenge to evaluate. In this paper, the EoF
has been evaluated by numerical optimisation (the details of which are described in the
Appendix). The complexity of the computation of the EoF causes attention to be restricted to
small numbers of particles and states. Nevertheless, we eval uate the spatial EoF for thermal
states of one and two non-relativistic, non-interacting bosons. The thermal states are defined as
mixtures of up to 13 energy eigenstates of a confining ‘box’ potential. The calculations are
restricted to the 1D case.

2 Formulation of Partitioned States

Numerical exampleswill be restricted to the 1D case and hence the formulation below is aso
restricted to 1D, though it generalises to 3D in a straightforward manner. We consider non-
relativistic, non-interacting bosons confined either through some central potential or within a
box. The energy eigenfunctions of the Hamiltonian, H = —7262 / 2m+V (x) , are denoted

u(n, x) . The potential is assumed to produce an infinite set of bound state eigenfunctions which
are orthonormal and complete. Examples include a harmonic potential or box confinement. The

latter case will be used in numerical examples, although not necessary for the general
development. We shall refer to the total spatial region as a ‘box’ for convenience, but this may

nzax’
L

be infinite space. The true box modes are u(n, X) = \/%sin( j where X'=x+ L/2, which

vanish at the box walls, x==+L/2.

In terms of aFock basis, a quantum field operator is y(x) = > u(n, X)&, . Formulation of the
n=1
partitioned states broadly follows[11]. The creation operator for a mode specified by f (X) can

bewritten f* = [ £099* (¥).dx and f is assumed normalised, j|f(x)|2dx=1. A normalised

Box Box
state of asingle particle in this mode is then fr | 0) . Now consider the box to consist of two

spatial partitions, labelled A and B. For region A, the mode function is modified such that its
support is A. Hence the creation operator for a particle in this mode, and henceinregion A, is

£+
f A, Where,

of i = [ 10" (x).dx 1)
XeA

The constant, a, is defined so that f;| 0) isanormalised state representing asingle particlein

this modein region A. Hence we require, |a|2 = j |f (x)|2dx . Creation operators for region B
XeA
are defined analogously. Now choaosing f(x) = u(n,x), we have,

£+ A+ As+ Ba+ O4+
f — 8 =Qpapy T A dgy + &y Aoy 2
1 & A
Where, é;ﬂ :_AZ Rnké‘; (3)
an k=1
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and, Rik = Ju(n,xu(k,x)"dx, (4)
XeA
A2 |pAl? 2
and, an| =Y R| = [lu(n,x)| dx (5)
k=1 XeA

The latter expression follows from the completeness relation for the elgenfunctions,

iu(k, x) u(k, y) = 8(x - y), which also gives i RA R’k = R’ Equation (5) also holds for the B

rlgglion. The commuitation relations between the I|§)T':1lrtitioned creation and annihilation operators are,
o o e e aCIC

Thelast of these follows from [ dx [ dy u, (X)um(y)” 3(x— y)=0. However, the distinction

XeA yeB
between the partitioned operators and the true Fock operators results from the final commutator,
© A
A _[s 4 1 A DA R
SnmE[aAmaXm]:ﬁank Rn’k = A* nA (7)
n &m k=1 n @m

Thisisunity whenn = m, i.e. S/, =1, consistent with Fock space, [ém, a; ]: Onm - However, unlike
the latter, (7) isalso non-zero in general for N = m. Itisthislatter fact that gives the partition its

non-trivial structure and leads to the entanglement of formation falling below its maximum possible
valuein certain cases. The Fock states for the whole box are,

AR

Ny(Ky), Ny (Ky)yern) =~ ——2— .. (8
| 1(Kq), N2 (K3 > ,—N1! N
Analogously we can define partitioned states with respect to the A and B regions by,
A Nl A+ N2
Apx Ak
EN1(Ky), N (kg —( 1) ( 2) ..... |0) (9)

and similarly with A replaced by B. However, caution is needed when dealing with these
partitioned states since they are not all mutually orthogonal. Indeed, they would not all be
normalised, either, were it not for the introduction of the & coefficient. Partitioned states of N

particles all in the same energy eigenstate, k, i.e.,

W
|N(k)>AE£""LkL |0) (10)

NI
are normalised and mutually orthogonal. Hence, £ =1 in these cases. However, the partitioned
states of two or three particles of differing energy require £ >1 in order to be normalised in
general. For the states | nm) , =|1(n), (m)) , and |nma) , =|1(n),}(m),(q)) ,, wheren, m and g are

2
all different, normalisation requires|& 4

= (0|aamaandandam|0) and

2
grﬁm‘ = (0] amA a8 AnAmaaq|O) - Repeated use of the commutation refation, (7), leadsto,

grﬁm i :l+‘SnAm‘2 (11)
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2
A A
Soml +1S

1+ 20(SASASA J+ {

+‘s,¢qﬂ (12)

vl
Two single-particle partitioned states in different energy states, |n) , =|(n)) , and

|m) , =|1m)) , , are not orthogonal in general. In fact,

A(n[m) , = (0l 83m |0) = S8 13

Similarly, ng) ,and [nm) ., will not in general be orthogonal, as

reduction of A(nm|ng) , = (0|& 8, 8An8Aq|O) Using the commutation relations shows. All the

above relations apply equally with region A replaced by B. Partitioned states for one region are all
orthogonal to partitioned states for another region. Partitioned states of N particles are orthogonal
to any partitioned state of a differing number of particles.

3 Single Particle Orthogonalisation Procedure

Hereafter we shall assume that the regions A and B are each half of the box. For a pure energy
eigenstate the EoF would then be unity. The density matrix for a mixture of Ns single particle
energy eigenstates ny, ny,... is,

p=2.pifn )| (14)

Each single particle energy eigenstate can be written in the form,

nj)=ah|n;),|0)g +an|0),n;), (15)
AB 2 2
an®| = Jlutn 0 ox (16)
xeA,B

2
We have written (15) with arbitrary a coefficients but we consider only ‘a jA'B‘ = Yinthe

numerical examples, i.e. the box is partitioned into equal halves. Because the partitioned states
1n J- >A 5 } are not orthonormal, we need to introduce an orthonormalizing scheme before

attempting to find the EoF numerically. The orthonormalized single-particle A-partition states
are denoted {z//]A>} In terms of these the ‘ n; >Asta1&s are written,

M) =kilcj’*k\wk’*> (17)

j
Similarly, the B-system states are written ‘ n, >B = Zcﬁ(‘wk5> . Thefirst of the basis vectors s
K

just,

[pf%)=In) a (18)
For j > 1, orthonormality givesthefirst coefficient in (17) as,

le_Anl|n > SlAj (19)

where for clarity we have introduced the notation Sfj,jto stand for Sy evaluated at
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K =n,andL = n, . The remaining coefficients are found by successively forming the scalar

product of (17) with each state ‘z//kA> in turn. Thisleads to the following general expression
which appliesfor 1 <k <j,

1 k-1
o | - Searet @)
kk i=1

The last coefficient for each ¢j” is given by,

A hoa2
Cii =41- kZ_l‘Cjk‘ (21)

Note that (20) involves finding the k™ coefficient for the | state in terms of , (a)the i
coefficients of thej" state, with i < k and which have thus already been found, and, (b)the
coefficients for the k™ states with k < j, which have also already been found. Thus the only

additional evaluation required for each new C J’f( isthe scalar product S[’,fj] from (4,5,7).
Equations (19-21) apply equally with A replaced throughout by B.

The orthonormalization scheme of (17-21) resultsin the Ng energy states, (15), being
expressible in terms of Ns+1 A-system states and Ns+1 B-system states. These states are the A-

vacuum, |0> A+ and the Ns occupied A-states, ‘1// JA> , plus the B-system equivalents. Hence, the

density matrix for amixture of Ns distinct energy statesis aspecial case of an (Ns+1) x (Ngt+1)
bipartite density matrix.

4 Mixtures Approximating the Thermal State of a Single Particle

In this Section we consider single particle mixtures of the first ten consecutive energy states,
resulting in adensity matrix of dimension 121. The probabilities are chosen to approximate a
thermal state at temperature T, and arange of values of E, /KT are analysed from 0.001 to 2
(where E; isthe ground state energy and k is Boltzmann’s constant). Because we are using only
10 energy states, the mixture ceases to be an accurate representation of the thermal state when
more than 10 states would contribute significantly to the true thermal mixture. The true thermal
mixture would have probabilities relative to that of the ground state given by the Boltzmann

factor!,
E—Z = exp{— % (n2 - 1)} (22)

Thisis used as the basis for our assumed probabilities. However, the normalisation is adjusted
to ensure the probabilities sum to unity over just the first 10 states. The approximation to the
thermal state is expected to be reasonable for KT < 30E;, for which the smallest contributing
probability (pio) is< 5% of the largest (py).

The EoF was found using the numerical method described in the Appendix and the result for
each temperature is shown in Fig.1 (black curve) and in Table 1. A surpriseis that the case of
equal probabilities ( E; / KT =0) does not produce the minimum EoF. Actually the minimum
EoF occurs for the unequal probabilities labelled E; / KT = 0.01, see Table 1, for which p;
exceeds pyo by about x2.7 (though this case is not a good representation of athermal state).

However, for E; /KT > 0.03, for which the approximation to the thermal state is good, the

behaviour of the EoF is as expected. At temperatures KT < E4/2 the thermal state approximates
to just ground state occupation, and hence the EoF becomes unity. However, at higher

! Since we are considering states of just one particle the Bose distribution is not appropriate.
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temperatures the EoF reduces steadily. Fig.1 suggests that the EoF is tending towards zero at
high temperature — until the use of only 10 states limits the accuracy of the representation of the

thermal state. A power law fit suggests EoF oc T %% for one particlein 1D when kT is
sufficiently larger than E;.

Table 1. Entanglement of 10-state mixtures approximating the thermal state of a single particle
at various temperatures (50/50 partition).

E, /KT EoF
0 0.1217
0.001 0.1184
0.01 0.1020
0.03 0.1167
0.05 0.1492
0.1 0.2235
0.2 0.3471
0.4 0.5578
0.6 0.7211
0.8 0.8331
1 0.9035
13 0.9591
16 0.9831
2 0.9949
54+
-— -7
1.25 ~ ol
LL
o
L
ir— L e---- *
0.75
- -¢- - One particle thermal state
—m— Two particle thermal state
0.5 power law fit for 2 particles (n=-0.618)
!I./ —o— power law fit for one particle (n=-0.634)
0.25 +
0] | | | | E; /KT |
0 0.5 1 1.5 2 25 3

Fig. 1. EoF for thermal states of one and two bosons compared. The representation of the
thermal state becomes poor for Ei/KT < 0.03 for one particle, and for E;/KT < 0.2 for two
particles, but the extrapolation to zero entanglement at high temperatureis clear (asillustrated
by the T" fits).

5 The EoF of Two-Particle Thermal States
Consideration is restricted to mixtures of just 13 two-particle energy states, namely the states
whose energy quantum numbersare (1,1), (1,2), (1,3), (1,4), (1,5), (2,2), (2,3), (24), (2,9), (3,3),
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(3,4), (3,5) and (4,4). Thisincludes all states whose energy is 17 times the ground state, (1,1),
energy or less. The density matrix is,

p= Z pnm| n, m><n1 m| (23)

where (n,m) is summed over the 13 values indicated above. The probabilities, p.m, are defined by

the Boltzmann distribution,
2 2
Mzexp _E n+m _ (24)
P11 kT 2

The probabilities are renormalized so that they sum to unity over the 13 states considered. It is
expected that temperatures up to kT/Ey; ~ 5 should be well represented by just 13 states, for
which the smallest contributing probability (p2) is< 4% of the largest (p,). For higher
temperatures our 13-state mixture will depart from the true thermal state. Each of the 13 pure
two-particle states can be expressed in terms of partitioned states in one of two ways,
depending upon whether n=mor n# m, thus,

1
n=m: |nn>=§hO>A|nn>B+\/§|n>A|n>B+|nn>A|O>B] (25)

nem: |nm>=%[ and0) M) +[nm) [0) ) [m) +[m) [n) ] (26)

The main task we have in formulating the problem is to carry out the orthonormalizing process.

Thisisrequired for both the one-particle partitioned states, | n) AR and also the two particle

partitioned states, | nm> since neither are orthonormal as they stand. The five one-particle

AB’
states, {jl) A,i = J,2..5}, are orthonormalized precisely as described previously, the
orthonormalized set of states being denoted 1yxiA>,i = ],2..5}, where ‘yxf\> =|1) ,and the

remaining states are defined asin Section 3. Because (25,26) involve sums of products of one
particle states, the numerical coefficients which finally appear are obtained as sums of products

of the C ﬁgB coefficients of Section 3.

Orthonormalization of the two-particle statesis similar. There are 13 two-particle states for
each partition, [11) [12),.113),,.[14) ., [15) . 22).[23),0.[24) ,.[25),,.[33),.[34) .

139 a|
{eﬁ, | =J,2...13>}, where |6} =[11) ,, viathe definitions,

44) - Theseareto be expressed in terms of the orthonormalized states

J
[ii)p = >D5X|0k) (27)
K=1

where the capital indices take valuesin therange 1,2...13, labelling the two-particle states, and
state J denotes (ij). With this notation, the D-coefficients are found from a similar formulato
(20),i.e,

K-1

for 1<K <2 T [A<K|J>A . zD@rDﬂ @
Dkk I=1

forK =1, D31 = a{13) (29)

where the two-particle scalar products, »(K|J) ,, are found from formulae depending upon
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which guantum numbers are common, i.e.,

a{nmlpal), =[S 8% + S8 I dméng (30)
a(nmjna) , [SA +S§msrf}]]/ Enméng (31)
a(nmlaa) , = #qsr’?q I €om (32)
a(nalaa) , =v2S%g 1 &ng (33)
o(nn[ac), =(Sr%)2 (34

These expressions all follow from the commutation relations, (7). The final coefficient is
determined by normalisation,

DA _ J-1 A 2
1 =,1- Z‘DJK‘ (35)
K1

After some labour, the components of the density matrix, (23), can thus be found in terms of the
orthonormal basis formed by the direct product of the 19 A-partition states, | 0> K

11//iA>,i :],2..5}, 1 Al=12. 13>} with the B-partition equivalents. The resulting density
matrix is of dimension 19 x 19 = 361, though itsrank is, of course, only 13.

The EoF of thermal mixtures of these 13 two-particle energy eigenstates has been found using
the numerical procedure described in the Appendix. The results are shown plotted against
inverse temperature in Fig.1 and compared with the EoF of the one-particle thermal states. The
salient feature is that the EoF reduces with increasing temperature, at least so long as E; /KT >

0.2 when the representation of the thermal state is good.

Like the one particle case, a surpriseis that the case of equal probabilities (E;; /KT =0) does

not produce the minimum EoF. Actually the minimum EoF occurs for the unequal probabilities
labelled E; /KT = 0.1, see Table 2, for which p, exceeds the smallest probability, pi2, by about

x5 (though this case is not a good representation of athermal state).

Fig.1 shows that the EoF of the two-particle thermal state approaches 1.5 at low temperatures
when the mixture becomes the pure ground state. It is easily checked that thisis the correct
result for a pure state of two identical bosonsin the same state’. Comparison with the one-
particle thermal state shows that the EoOF is larger for two particles (at a given temperature). As
the temperature is increased the EoF reduces steadily (until E;; /KT < 0.2 when the

representation of the thermal state becomes poor). A power law fit suggests EoF o« T 22 for
two particlesin 1D when KT is sufficiently larger than E;;. This dependence on temperatureis
almost identical to the one-particle result of Section 3.

% For N bosonsin the same energy state a good approximation to the EoF for a 50/50 partition is
1+log, /N . This provides an upper bound to the spatial EoF which can be obtained from aBEC. For

example, amillion atoms in the condensed phase produce an EoF of only 11 ebits. The spatial EoF for N
identical bosonsin a pure state with differing energies always exceeds that for equal energies. The upper
bound for the spatial EoF of N bosonsin a pure state with differing energiesis N ebits, which contrasts
sharply with the EoF for equal energies. The upper bound of N ebitsisrealised in the case of states of
equal parity and a 50-50 partition.
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Table 2. Entanglement of 13-state mixtures approximating the thermal state of two particles at
various temperatures (50/50 partition).

E]_l/kT EoF
pP= 1/13 0.4613
0.05 0.4147
0.1 0.4020
0.2 0.4504
0.3 0.5436
04 0.6457
0.6 0.8372
0.8 0.9966
10 1.1226
14 1.2911
2.0 1.4148
3.0 1.4809

0 15

Appendix A. Definition and Numerical Deter mination of the EoF
For pure quantum states of a composite system, the entanglement of formation is defined as the
von Neumann entropy of the reduced density matrix of one component part. Thus, if |1,y> isthe

state of the composite system, then EOF = Sy (/4 ), where p4 =TrB(|w><y/|)= > (ol )wlb),
beB

where A and B are the components parts, and S,y (9 )=-Tr[pa 09, 54 ]. Note that we use

log, in the definition of entanglement throughout this paper, rather than adopting a varying base
according to the dimension of the Hilbert space, as do some authors. The unit of entanglement
isthat of atwo qubit Bell state, or singlet state (one ebit).

The EoF may be easy to evaluate directly from its definition for any explicitly defined pure
quantum state. However, the situation is different for mixed states. The density matrix, p ,
defining a mixed state will have many possible decompositionsinto explicit mixtures of pure
states, |://i ) . That is, there will be many ways in which to express the density matrix as

=Y. pi|wi)vi|, wherethe p are real probabilities in the range [0,1] and the states |y/; ) are
i

normalised but otherwise arbitrary and need not be orthogonal or linearly independent. The
average entanglement of this specific decomposition is defined as the average of the

entanglements of its pure states, E,, =>_ p; EoF(] Vi >) . But the value of E,, depends upon the
i

decomposition, and hence cannot be the true entanglement in general, since this depends only
upon the density matrix and the chosen partition. The entanglement of formation is defined as
the minimum value of E, for any decomposition, EoF = MINy,, >}(Ea\,) . Hence, to find the

EoF requires this minimization problem to be solved.

The method of conjugate gradients was used. The particular procedure employed has been

described in [34,35]. The method relies upon all possible decompositions, =" of ‘¢j ><¢j ‘ ,
]

of agiven density matrix being expressible in terms of aright-unitary transformation from
some arbitrary initial decomposition, =" p;|w; Xw; |. Inthese expressionsj runs from 1 to J
i
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whereasi runsfrom 1 to | where J> |. The values of | or Jare the cardinalities of the particular
decompositions. Thus, there exists aright-unitary matrix U which connects the two

]
decompositions, ‘¢j > =>U;i|wi), where U U =14 and thetilde on the states denotes that
i-1

these are the sub-normalized states defined by |7, ) = \/p; |w; ), \;5, > =/p{|#). To capture dll

possible decompositions the initial decomposition is taken to have cardinality equal to the rank
of p,i.e, | =r. Parameterizing all right-unitary matrices in some convenient manner thus

provides a parameter space whose points are in one-to-one correspondence with the set of al
possible decompositions. In our formulation we preferred to search a space of fixed cardinality,
starting with a decomposition defined by r non-zero vectors plus ‘padding’ by the required
number of additional zero vectors. (All ‘J vectors will subsequently become non-zero in
genera). The possibility of improved minima of different cardinality was explored by running
the program separately for different cardinalities. The advantage of thisisthat the matrices, U,
are then sguare, and hence unitary, and can be expressed in terms of an Hermetian matrix, @ ,

as U = explio}.
The problemisto find a point in this parameter space which minimises E,, =>_ p{ EoF(] s >)
i

The basic strategy is to evaluate the gradient of E,, in parameter space and then to move in
parameter space such that E,, reduces as quickly as possible. The obvious algorithm, to move
along the negative gradient, produces the method of steepest descents. The method of conjugate
gradientsis arefinement of this which generally improves the rate of convergence. The
expression for the gradient of E,, was taken from [35], equation (10), which gives,

dE,, = 9;id0; , where, gj; =iTrA{[lfng(ﬁjA)—|092(,5iA)]TTBQ(Zj ><5. ‘)} (A1)
ij

where p; =|¢ )4 |, p{* =Trg(p;) and Tra g represent tracing-out the states of the indicated

parttition, eg. Trg(..)= Y g(x|.]X) . Notethat the gradient matrix, g, is evaluated at the
x=B-states

current position in parameter space, i.e. in terms of the current (evolving) decomposition, {5 i >}

The bulk of the computational effort is expended in re-evaluating the gradient matrix at each
new point, since its calculation requires eigenval ue extraction in order to findlog, (,[)iA) :

Some care is necessary since the JxJreal coordinates of the parameter space are not ©;; , since
i but rather ®(@; Jfor i <j and Im(®;; )for i > . Different
variants of the conjugate gradient method involve different expressions for the conjugate
gradient, specifically by how much it differs from the negative gradient. The Polak-Ribiere
variant was employed here. In addition, a ‘restart’ was applied every N steps, with N set to the
square of therank. A ‘restart’ resets the conjugate gradient to the negative gradient. Finaly,
each step requires the line-minimum aong the direction of the current conjugate gradient to be
found. For this, Brent’s method was used.

these are complex with®;; =©

A subtlety isthat, for initial states of sufficient symmetry, the first order gradient can lead to
only asub-set of parameter space being explored. For example, if the coefficients of the input
states are al real (asthey are in this paper) then the above algorithm leads only to states with
rea coefficients, despite complex coefficients being essential to obtain the true minimum of E,,
in most cases. In our implementation this problem was overcome by alternating the method of
conjugate gradients with a simple search along prescribed curves in parameter space, a crude
but effective strategy for symmetry breaking.

10
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The major practical difficulty with non-linear optimisation is the distinction between a global
minimum and alocal minimum. Algorithms like the conjugate gradient method are attracted to
local minima. In general there is no guarantee that this will be the global optimum. However, it
has been suggested, [36], that local minima of E,, are also globa minima. Thisis amajor boon
to the numerical determination of the EoF. It is easy to check that alocal minimum has been
reached, smply by evaluation of the finite differencesin all coordinate directions. These should
al be positive, but some components tend to be small and negative due to numerical
limitations. A convergence parameter can be defined as the ratio of the algebraically smallest
finite difference to the average value in al directions. This convergence parameter was of
considerable utility in practice, further iterations being made until any negative value became
suitably small in magnitude.

In passing we note that in all the cases reported here a cardinality equal to the rank of the
density matrix was sufficient to obtain the minimum E,, i.e. an optimal decomposition. This
was demonstrated simply by trying larger cardinalities, but these never produced an improved
minimum for our states. It is known that thisis not always the case. Examples where the EoF is
non-zero and the cardinality of the optimal decomposition exceeds the rank have been givenin
[30] and [34]. The latter example considers the so-called Horodecki 3x3 states, [37], whose
rank is 7. The EoF of these states was evaluated numerically in [34]. The minimum was not
obtained until a cardinality of 14, twice the rank, was used. We have repeated this exercise to
test our numerical routines and confirm this result (and also that the magnitude of the EoF is
very small, lessthan 0.01).
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